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ABSTRACT

Individual molecule dynamics have been shown to influence significantly the bulk
rheological and microstructural properties of polymeric liquids undergoing high strainrate flows. The objective of this study was to perform equilibrium and Nonequilibrium
Molecular Dynamics (NEMD) simulations for monodisperse polyethylene liquids over a
wide range of deformation rates under steady shear and planar elongational flows in an
attempt to understand the underlying physical processes that shape the dynamical
responses of these complex liquids.
Under steady shear conditions, the rheological and dynamical responses exhibited
different behavior as functions of shear rate, which could be categorized within four shear
rate regions. For shear rates smaller than the inverse disengagement time, the topological
properties of the liquid remained relatively unperturbed from quiescent conditions and
the rheological characteristic functions remained constant throughout. For shear rates
between the inverse disengagement and inverse Rouse times, chain orientation became
the dominant dynamical system response with only a mild degree of chain stretching and
disentanglement being evident. Rheological characteristic functions displayed shearthinning behavior, and a plateau in the shear stress profile was observed. For shear rates
between the inverse Rouse and inverse entanglement times, significant chain stretching
became apparent which led to a reduction in the number of entanglements, thereby
enabling a rotational motion of the individual molecules in response to the vorticity of the
shear field. At higher shear rates, the rotational motion of the chains became the sole
relaxation mode of the system as the number of entanglements was gradually reduced to a
low level. The analysis of the transient responses revealed that the stress overshoot and
undershoot commonly observed at high shear rate can likely be attributed to tube
orientation rather than tube stretching.
Under planar elongational flow, a coil-stretch transition, with an associated hysteresis in
the configurational flow profile, was observed over a specific range of strain rates. Steady
state results revealed bimodal distribution functions in which configurational states were
simultaneously populated by relatively coiled and stretched molecules. The realization of
this bi-phasic coil-stretch transition was an unanticipated microphase separation into a
heterogeneous liquid composed of regions of either highly stretched or tightly coiled
macromolecules.
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CHAPTER ONE

INTRODUCTION

The modeling of entangled polymer solutions and melts undergoing flow has been a
daunting challenge for rheologists for more than half a century. In 1971 de Gennes [1]
proposed his reptation theory and described the motions of a polymer molecule as
wormlike movements through permanent obstacles of a heavily cross-linked polymer gel.
He conjectured that this model could apply to the more complicated problem of entangled
polymer melts where obstacles are not permanent. This model formed a basis for a theory
of polymer dynamics, formulated by Doi and Edwards [2,3] and extensively developed
over the next four decades. Despite the successful performance at equilibrium and within
the linear viscoelastic flow regime, the Doi and Edwards model possesses some wellknown deficiencies, most of which are primarily evident under the imposition of high
strain-rate flows, such as an incorrect prediction of the first normal stress in transient
shear flow and predictions of flow instabilities in steady shear and uniaxial elongational
flow, as originally discussed by Doi and Edwards [4] when they formulated their model.
These and other model deficiencies are discussed in more detail throughout the
subsequent chapters.
Several refinements of the reptation tube theory with increasing levels of sophistication
have been developed over the past three decades to incorporate additional phenomena,
such as segmental stretching, contour length fluctuations, and convective constraint
release [5-12], in hopes of capturing behavior at higher flow strengths. However,
although there has been a steady improvement in describing the rheological and
microstructural behavior of entangled liquids under flow in the linear and weakly
nonlinear viscoelastic regimes, contemporary tube theories still cannot explain common
experimental observations at high strain rates. The fundamental reason for the failure to
predict flow behavior at high strain rates is most likely the obvious one: all the relevant
physical processes and dynamics of the polymer chains and tube network have not yet
1

been included into the mathematical constitutive equations that had been derived to date.
Specifically, the short timescale dynamics of the polymer chains and chain segments
have not been faithfully represented in evolution equations expressed in terms of
averaged variables, such as the tube orientation tensor, the tube stretch, the tube diameter,
etc. Such averaged variables invariably filter out the small timescale dynamics over the
long time duration of the averaging process.
To gain a sufficient understanding of the relevant polymer chain physics to enable further
modelling progress, it is necessary to possess a capability to observe the motion of
individual molecules, as well as their constituent atomic segments, under flow; however,
direct visualization of a sufficiently large number of molecules under experiment remains
unattainable, especially in the case of dense polymer melts.
In the absence of experimental methods for examining and observation of the
complicated motion of entangled polymer chains, computer simulation of these complex
liquids is a promising method for studying these entangled liquids. The most common
methods of computer simulations of liquid systems in the 1990s were Monte Carlo (MC),
Brownian Dynamics (BD), and Molecular Dynamics (MD) simulations [13]. Among
these methods, MC simulations were confined to rather low to intermediate densities,
which means that they are suitable for simulating semi-dilute solutions in the freedraining limit [14]. BD simulations that were used widely in studying dilute polymer
solutions also could not be used at high densities (within the entangled regime) with
reasonable size time steps [14]. MD methods, although computationally expensive, did
not suffer from the limitations of the two other methods. MD simulations were not used
widely in studying polymers except that for very short chain unentangled polymers until
Kremer and Grest published the pioneering work on dynamics of entangled linear
polymer melts in 1989 [14,15]. The Kremer and Grest [14] simulations were, in fact,
coarse-grained MD simulations for a wide range of chain lengths covering from shortchain unentangled molecules up to highly entangled linear polymer melts. In this model,
all beads interacted with a repulsive Lennard-Jones interaction while neighbor beads
along the chain interacted with an attractive FENE potential. Each bead was connected to
a heat bath through a friction constant that controlled the strength of Gaussian white noise
(and consequently the temperature) via the fluctuation-dissipation theorem. Kremer and
Grest [14] studied a relatively wide range of chain lengths covering unentangled (Rouse)
and entangled (reptation) regimes and comprehensively studied system properties.
Notably, they examined the segmental mean-square displacement (monomeric motions)
as a function of time in order to investigate the basic reptation picture through comparing
the power-law exponents with theoretical predictions. These simulations successfully
captured a slowing down of the segmental motion from the initial 𝑡 1⁄2 power-law regime
to the 𝑡 1⁄4 regime, in agreement with the reptation model predictions. However, they
were not able to capture the second 𝑡 1⁄2 regime due to the limited chain lengths that they
were able to simulate at the time. They also visualized the confinement of the motion of a
molecule within a tube-like region, consistent with the reptation theory picture.
2

Topological interactions (or chain uncrossability) in coarse-grained MD models are
enforced through excluded volume interactions of the beads. This effect is obtained only
if the coarse-graining level does not exceed the Kuhn length of the molecule [16]. To
overcome this limitation, Masubuchi, et al. [16] proposed a new Brownian dynamic
model for entangled polymeric liquids in which chains were coarse-grained at the level of
entanglements between the consecutive entanglements. The model, known as the
primitive chain network (PCN) model, consisted of a 3D network of primitive chains
connected through slip links. A monomer sliding through the slip-links (described by a
Langevin equation) naturally introduces the reptation dynamics and contour length
fluctuations (CLF) to the model. Node or entanglement motion was also governed by a
Langevin equation. Gaussian random forces of zero mean, obeying the fluctuationdissipation theorem, were applied on both levels of nodes and monomers. Monomer
sliding dynamics at chain ends offered the ability to gain or lose an entanglement, which
was basically a mechanism for constraint release (CR) in the model. The time constant of
CR was assumed to be the Rouse time which (although reasonable at equilibrium
conditions) can be questionable for nonequilibrium simulations. Masubuchi, et al. [16]
tested this model for a series of polymers containing up to 40 entanglements per chain.
Their results showed that the model prediction for the disengagement time and the
diffusivity scaled as 𝑍 3.5 and 𝑍 −2.4 in reasonable agreement with experimental values.

Different slip-link models were introduced by other groups. Likhtman [17] proposed a
single-chain slip-link model formulated for Brownian dynamics simulations. The single
chain in this model was basically a Rouse chain in 3D space. The effect of entanglements
was added to the model by introducing a mean-field potential (virtual springs) that acted
through slip-links distributed along the chain. The reptation-like motion was introduced
by letting the slip-links slide between monomers along the chain (rather than being
permanently attached to a particular monomer). Entanglements (slip-links) were assumed
to have a binary nature, meaning that in a simulation of an ensemble of such chains, there
is a one-to-one correspondence between the slip-links of various chains. Whenever a sliplink is lost from a chain end, the corresponding slip-link on the other chain also
disappears, and two new slip-links are added to two random molecules. This mechanism
effectively introduces the constraint release to the simulation. Likhtman [17] compared
the predictions of this model for viscosity, diffusivity, and moduli with a few
experimental systems at quiescent conditions. Although the overall agreement was
satisfactory, there were discrepancies between the model and experiments, suggesting
that some elements were still missing in the model.

The single-chain slip-link model of Likhtman [17] inspired Uneyama and Masubuchi
[18] to propose a multi-chain slip-spring model that filled in the gap between the multichain coarse-grained MD and previous slip-link models. The model was composed of a
network of bead-spring chains connected by slip-springs. Hence, entanglements are
introduced a priori through the slip-springs, unlike in coarse-grained MD simulations
where entanglements are naturally taken into account by the excluded volume
interactions. This model is different from the single-chain model of Likhtman [17] in the
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sense that in the latter, one end of a slip-spring can slide along the chain contour while
the other end is fixed in the space. In this model, however, both ends can slide along the
chain, which leads to different effective dynamical constraints on the chain dynamics
[18]. The number of entanglements or slip-springs in this model can fluctuate, unlike in
Likhtman's model, which assumes a constant number of entanglements. This model is
also different from the multi-chain PCN model [16] on the level of coarse-graining.
While the shortest length and time scales in the PCN model are those of the
entanglements, in this model, the dynamics of a Kuhn segment are also explicitly
considered. The equilibrium simulation results of Uneyama and Masubuchi [18] for the
chain end-to-end distance and entanglement density distribution were reasonably good.
However, the diffusivity and longest relaxation time scaled as 𝑁 −2 and 𝑁 −3 (𝑁 being the
number of beads per chain), which diverged from experimental observations. This
discrepancy was attributed to the weak dynamical constraints of this model, as discussed
earlier.
Another common simulation method for studying individual molecule dynamics of
polymeric liquids is dissipative particle dynamics (DPD), originally introduced by
Hoogerbrugge and Koelman [19,20]. Their idea was that conventional MD provides too
much detail of the motion of the fluid molecules that is not necessarily needed if one is
interested in the hydrodynamic behavior of the system [21]. They proposed that a more
coarse-grained model, in which molecules are replaced by lumps of molecules to form a
fluid particle, could capture hydrodynamic behavior at a lower computational cost. In this
model, three types of force are applied to each particle: a conservative force derived from
a potential exerted on particle pairs, a dissipative force, and a random force. The original
model of Hoogerbrugge and Koelman, however, lacked an expression relating the system
temperature and the model parameters. Español and Warren [21] derived the stochastic
differential equations and the corresponding Fokker-Planck equation for DPD. The
temperature in this formulation was related to the random force via the fluctuationdissipation theorem. DPD is also used as a thermostat for equilibrium and nonequilibrium
MD simulations. Soddemann, et al. [22] proposed that using a DPD thermostat rather
than the common thermostats, such as Langevin-type stochastic thermostats or the NoséHoover thermostat [23,24], makes it possible to use substantially larger time steps
compared to pure MD.
It should be mentioned here that in spite of experimental difficulties concerning
visualization of the individual molecules of entangled liquids, there are some rare
experiments in this regard. Such experiments were, however, limited to the quiescent
conditions of these liquids and hence were not adequate for examining the flow response
of individual molecules. Perkins, et al. [25] used fluorescence microscopy to directly
visualize the motion of a DNA molecule in a concentrated solution of entangled
polymers. They successfully observed the tube-like motion of the flexible DNA molecule
that was initially stretched into various conformations using optical tweezers. In these
experiments, the stretched molecule relaxed following a path defined by its initial
contour, known as the primitive path in reptation theory. This tube-like motion was
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remarkably different from the motion a similar molecule in a dilute viscous
(nonentangled) Newtonian solution, where the molecule rapidly moved transverse to its
initial contour after being released. The enormous difference between the relaxation time
of the two experiments suggests the background chains in the concentrated solution
strongly interact with the labeled molecule due to entanglements.
Despite all the advantages (most importantly, relatively low computational cost) of the
single-chain models, they all suffer a common disadvantage. In these models, the meanfield description of a chain molecule is assumed a priori, using assumptions that are not
fully justified [18], especially under fast deformations. For instance, entanglement effects
in slip-link and slip-spring models are not naturally taken into account. Rather, these
effects are, somewhat artificially, incorporated into the models as explained very briefly
in previous paragraphs, based on assumptions that usually are not independently verified
for a broad range of simulation conditions and scenarios. Hence, molecular models with
fewer assumptions and more realistic molecular descriptions are needed [18]. Coarsegraining of the multichain models also leads to loss of short time and length scale details.
This necessitates that the coarse-graining level be chosen very carefully and cautiously.
Nevertheless, there is no guarantee that a level of coarse-graining that is adequate at
equilibrium conditions also works well under nonequilibrium flow conditions.
The focus of this dissertation is to study the dynamics of entangled polymeric liquids at
equilibrium and under flow conditions by examining the rheological and microstructural
responses of the individual molecules and understand the physical processes and
molecular mechanisms that cast the macroscopic responses of these complex liquids. The
method of choice to achieve this goal was fine-grain equilibrium and nonequilibrium
molecular dynamics simulations that provide atomistically detailed information on a
length scale of a few angstroms, and a time scale of femtosecond order. Nonequilibrium
simulations were performed under steady shear and planar elongational flow fields that
are especially interesting both theoretically and experimentally. The dissertation is
organized as follows:
• Chapter Two and Chapter Three are focused on the single molecule dynamics of
mildly and moderately entangled C400H802 and C700H1402 polyethylene melts under
simple shear flow at steady state, respectively.
• In Chapter Four, a few versions of tube-based constitutive models are evaluated
using molecular level information of the C700H1402 liquid.
• Chapter Five expands the shear flow study of C400H802 and C700H1402 to a wellentangled C1000H2002 polyethylene melt at steady state. Furthermore, the startup
shear response of the system is also examined.
• In Chapter Six, the C700H1402 and C1000H2002 liquids are studied under planar
elongational flow and a coil-stretch transition and an associated configurational
hysteresis is reported.
• Chapter Seven introduces configurational microphase separation as a consequence
of the coil-stretch transition in the planar elongational flow of entangled melts.
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•

Chapter Eight summarizes the key findings of this study and presents a few
suggestions for future work.
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CHAPTER TWO

INDIVIDUAL CHAIN DYNAMICS OF C400H800 MELT
UNDERGOING STEADY SHEAR FLOW

This chapter is based on the published paper:
Nafar Sefiddashti, M. H.; Edwards, B. J.; Khomami, B., Individual chain dynamics of a
polyethylene melt undergoing steady shear flow. J. Rheol. 2015, 59 (1), 119-153.

2.1

Introduction

The description of fast flows of macromolecular fluids has proven to be a difficult
challenge for rheologists. Many theories were proposed during the 20th century in
attempts to explain the rheological and microstructural responses of these complex
liquids under flow, but each invariably diverged from experiment at high strain rates,
regardless of their degree of success in the linear and weakly nonlinear viscoelastic flow
regimes (i.e., at low to intermediate values of the strain rate relative to a characteristic
relaxation time of the fluid). Many conjectures have been proposed for these
discrepancies at high strain rates, such as the failure of closure approximations, mode
coupling effects, a strain-rate dependent relaxation time, and many others, depending on
the nature of the specific model under consideration. The most basic reason for this near
universal failure of rheological models for high strain-rate flow is simply that all of the
relevant physical processes have not been incorporated self-consistently into the
mathematical constitutive equations that are presumed to describe the fluid response.
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In the 21st century, reptation theory is widely considered to be the gold standard of
contemporary rheological ideology. The basic premise of this theory, originating from an
idea of de Gennes [1], is that a macromolecular chain experiences snake-like diffusion
through contorted tubes formed by the surrounding chain-like molecules. The physical
constraints of these tubes mandate that the diffusional motion parallel to the polymer
backbone is greater than the motion perpendicular to it. This simple physical picture was
encoded into a descriptive theory of polymer dynamics under flow by Doi and Edwards
[26] a decade later, and extensively developed over the next three decades—see McLeish
[5] for a relatively recent exposition of the state of reptation theory. Today it is almost
universally viewed as the most fundamental and inherently accurate description of
entangled polymeric liquid microstructural and dynamical responses to external stimuli.
In spite of the wide acceptance and application of reptation theory, it possesses some
well-known deficiencies, most of which are primarily evident under the imposition of
high strain-rate flows. Whereas experiment and atomistic simulations have verified most
of the dynamical behavior predicted by reptation theory under equilibrium (no-flow)
conditions, and also for low and intermediate strain-rate flows, the consistency of this
theory with experimental data for high strain-rate flows has been incomplete and the
applicable physics is still not fully understood.
Recent evidence suggests that a flow-induced disentanglement of polymer
macromolecules can occur at high strain rates in steady shearing flow. This reduction in
interchain constraints leads to the onset of individual molecular retraction and rotation
cycles, which occur within roughly oriented tube-like structures composed of the highlyextended surrounding chain molecules. This new phenomenon has been observed in
nonequilibrium molecular dynamics simulations of molten polyethylenes in the
unentangled and moderately-entangled molecular-weight regimes (i.e.; polyethylenes up
to C400H802) [27-32]. This unexpected observation from atomistic simulations can
possibly explain the difficulties that manifest in reptation theory for high strain-rate
flows, as elucidated in this article.

2.2

Background

Observations of the motions of individual chain molecules are crucial to further
development and refinement of rheological and topological models of the dynamics of
polymeric liquids. Most past modeling efforts have been aimed at the description of the
evolution of bulk-averaged quantities, such as the conformation or stress tensors, under
the influence of an applied external flow field [33,34]. These theories are applicable to
chain liquids at low field strength, but their descriptions of the rheological behavior tend
to break down once the field strength drives the fluid substantially beyond the linear
viscoelastic regime. Unfortunately, the averaging procedure implies a substantial
reduction in the number of degrees of freedom of the molecular-scale description,
resulting in characteristic evolution equations for variables (such as the conformation
tensor or the extra stress tensor) that change on macroscopic length and time scales but
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ignore the atomistic-scale dynamics. Consequently, any information that is present on
microscopic timescales is effectively removed from the final evolution equations that
describe the dynamical response of the chain liquid. This readily explains why these
bulk-averaged theories often break down in the nonlinear viscoelastic regime where the
timescales of the flow can become smaller than those associated with the time evolution
of the macroscopic variables. (Note that as strain rate is increased, its reciprocal,
associated with the characteristic timescale of the flow, decreases.) Many examples of the
failure of bulk-averaged models, especially at high strain rates, were discussed by Larson
[35].
A large number of attempts have been made to extend the validity of dynamical equations
for entangled polymers into the nonlinear viscoelastic regime [33,35]. The most popular
model is the reptation-based theory of Doi and Edwards [26], wherein a generic chain is
assumed to undergo snake-like motion within a contorted tube formed by neighboring
chains. Consequently, motion along the chain contour is much less restrained than motion
perpendicular to it. A characteristic timescale is assigned to this motion, 𝜏𝑑 , which is
called the “reptation” or “disengagement” timescale; conceptually, this is the time
required for the chain to disengage from its original tube. This timescale is generally
some multiple of the fluid’s Rouse time, 𝜏𝑅 , under quiescent (no-flow) conditions.
Although the most comprehensive versions of reptation-based theories perform well at
low shear rates (𝛾̇ < 1⁄𝜏𝑑 ) [36], and have recently attained success at intermediate shear
rates (1⁄𝜏𝑑 < 𝛾̇ < 1⁄𝜏𝑅 ) [37,38], they still struggle to describe completely the rheology
and topology of entangled polymeric liquids at high shear rates where the associated
timescales become relatively small (1⁄𝜏𝑅 < 𝛾̇ ) [39].

Until recently, light scattering and birefringence experiments were the primary means for
analyzing the orientational and configurational changes of polymer chains undergoing
flow; however, these types of experimentation are unable to resolve configurational
changes of individual polymer chains. Consequently, these measurement techniques were
restricted to examining bulk fluid properties and could not distinguish between
phenomena that occur over disparate length and time scales; however, this does not imply
that the dynamics of individual chain molecules do not affect the observed birefringence
and light scattering patterns.
Relatively recent direct visualization of individual polymer chains using video
microscopy offered the possibility to explore the motions of individual chain molecules
undergoing flow [39-46]. These initial studies have seriously called into question many
of the assumptions used to model polymer flow dynamics. Smith, et al. [41] and LeDuc,
et al. [42] simultaneously examined dilute solutions of DNA, in which the dynamics of
individual, labeled chains were visualized under shear in the flow-vorticity plane using
video microscopy. These results demonstrated that the flexible polymer chains
experienced both deformation and tumbling under shear, as a function of the
Weissenberg number ( Wi = τ R γ ). Schroeder, et al. [44] and Teixeira et al. [39,43]
visualized and tracked individual configurational changes of fluorescently-labeled DNA
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solutions under steady shear flow in the flow-gradient plane for concentrations ranging
from dilute to highly entangled. These experiments again demonstrated the tumbling and
stretching dynamics of individual chains, which depended on both Wi and concentration,
but the evidence was more direct since the visualization was carried out in the flowgradient plane. They also demonstrated a quasi-periodic tumbling of the individual DNA
molecules in dilute solution at high Wi, with a characteristic frequency for this rotation
that scaled sublinearly with shear rate as Wi 0.62. For concentrated DNA solutions, two
distinct timescales were observed: the first associated with the chain retraction dynamics
(the short timescale), and the second possibly related to the dynamics of constraint
release and contour length fluctuations (the long timescale). The probability distribution
of chain extension broadened dramatically at high Wi from its approximately Gaussian
shape at low Wi, which is not typical of pre-averaged bulk rheological theory. Robertson
and Smith [45] used optical tweezers to measure the intermolecular forces acting on a
single DNA chain as exerted by the surrounding entangled molecules, and found three
distinct timescales: the short timescale was determined as close to the theoretical value of
the Rouse time, the long timescale was associated with the disengagement time of
reptation theory, and the intermediate timescale was speculated to be a second reptative
process that was correlated with the dynamics of the effective reptation tube under shear.
Harasim, et al. [46] examined dilute suspensions of semiflexible actin filaments and
observed distinct chain-end retraction and tumbling cycles of individual molecules, bookended by periods of maximum chain extension.
Despite the numerous successes of single-chain microscopy to date, experimentation
alone cannot resolve all of the outstanding issues that perplex rheologists at high Wi. The
primary limitation of these experiments is the small number of molecules that can be
effectively tracked simultaneously, which is especially true of dense polymer melts.
Atomistic or coarse-grained mesoscopic simulation of entangled polymeric liquids offers
a complementary perspective of individual chain dynamics under flow. In particular, sliplink simulations with full-chain spatial coupling have been successful in accurately
predicting the linear and nonlinear shear rheology as well as single-chain dynamics of
fluids composed of entangled polymeric chains [47,48]; however, the accuracy of the
predictions, particularly for very fast flows, i.e., (1⁄𝜏𝑅 < 𝛾̇ ), strongly depends on the
assumed constraint renewal/release frequency [49]. Clearly, at high deformation rates the
constraint renewal/release frequency should depend on the deformation rate. This critical
modification to the state-of-the-art slip-link models requires detailed understanding of
individual macromolecule dynamics at high deformation rates. The experimental
difficulty associated with tracking a sufficiently large number of single molecules in
highly-entangled polymeric liquids makes Nonequilibrium Molecular Dynamics
(NEMD) simulations a suitable method for determination of this critical information.
Nonequilibrium Molecular Dynamics is a common technique used to study flows of
chain molecules comprised of atomistically-detailed particles or coarse-grained models,
such as bead-spring chains where each bead represents a center of drag resistance to the
surrounding flow and the spring represents a statistical segment of the atomistic chain.
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Most NEMD flow simulations to date have focused on the determination of bulk
rheological and structural properties, whether performed for either atomistic [50-52] or
coarse-grained [47-49,53-57] liquids. Although much new insight concerning the
relationships between flow kinematics, material properties, and microstructure has been
gained from these studies, this focus on bulk behavior at macroscopic length and time
scales has resulted in overlooking key microscopic information concerning the
molecular-scale origin of the bulk rheological and structural properties [29-31], as
described below.
The primary advantage of NEMD simulation of an atomistically detailed polymer chain
over experiment is that every chain within the sample can be examined individually, not
just those which were optically labeled and under view in the experimental apparatus.
This allows much more detailed information to be gleaned from the simulation with
respect to the experiment, as statistically meaningful correlations can be established via
ensemble averaging of the dynamical behavior of each individual chain. Also,
simulations are readily amenable to topological analysis, extending equilibrium
properties such as tube diameter, primitive path length, and number of entanglements to
nonequilibrium flow situations [27]. Certainly, bulk-averaged properties, such as the
conformation and stress tensors, can still be calculated, but also with the ability to
examine the effects of short timescale individual chain dynamics upon them. Ultimately,
more and better information at the microscopic scale should lead to better rheological and
microstructural models of polymeric liquids under flow. Indeed, recent simulations
studies wherein the short timescale phenomena have been examined and analyzed
carefully have already led to new insight regarding the effects of molecular-scale,
segmental motions on the dynamical flow response, as well as models that incorporate
these phenomena [30,31,47-49]; these recent insights are described in the succeeding
paragraphs.
Six years ago, Kim et al. [27-29] noticed an apparent anomaly in the steady-shear
behavior of a short-chain polyethylene (C78H158) melt in a NEMD simulation; i.e., the
probability distribution of the end-to-end vector, 𝐑, which connects the two end units of
the carbon chain, became bimodal at high values of Wi. At low values of Wi, the
distribution was essentially Gaussian with the peak centered at approximately its
equilibrium value of |𝐑|, as expected, and this distribution gradually widened and the
peak shifted to higher values of |𝐑| at intermediate Wi with the increasing extension of
the polymer molecules under flow, also as expected. At high Wi, however, two peaks
emerged, one associated with the continued deformation of the molecules, which
approached the maximum extension of the chains at high Wi, and a second one that
appeared at values of |𝐑| that were actually smaller than the equilibrium value (see Fig. 3
of Kim, et al. [29]). Even more puzzling was the additional fact that the macroscopic,
ensemble-averaged conformation tensor displayed the expected behavior at all values of
Wi [31]. This is an important point since a typical flow birefringence or small-angle light
scattering experiment indirectly measures the conformation tensor and not the
distribution of |𝐑|. However, using the conformation tensor calculated in the simulations,
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which very accurately resembles the experimentally determined one, produces a
unimodal distribution when one examines its Eigenvalues and Eigenvectors. In other
words, a bulk-flow experiment cannot recognize other than the usual unimodal
distribution and is blind to the possibility of a multi-modal distribution at high Wi; hence
an apparent example of the complementary use of experiment and atomistic simulations.
As a consequence, the presence of a bimodal distribution could have gone unnoticed for
many years.
The problem with using the conformation tensor as a descriptor of the microstructural
state of a polymeric liquid is that it is a long-time ensemble average over the chain-like
molecules. Therefore, the short timescale dynamics of the chains are effectively averaged
out over an extended period of time. Furthermore, performing the ensemble averaging
over all chains tends to weight the highly extended chains more than those at the low end
of the |𝐑| spectrum, thus emphasizing the “stretch peak” of the bimodal distribution at
high Wi.
To resolve the apparent anomaly of the bimodal distribution, it was ultimately necessary
to study the dynamical behavior of the ensemble of chains by looking at each chain
individually—something that cannot be done experimentally, especially in these dense
melts. In doing so, a new and unexpected insight was gained into the dynamic behavior
of these macromolecular liquids at short timescales, and how this behavior affects
macroscopic bulk-flow properties. To understand the origin of the peak at low values of
|𝐑|, it is necessary to examine the dynamics of individual chains as they undergo steady
shear flow. Kim, et al. [29] demonstrated that the cause of the bimodal distribution was
associated with the individual chains experiencing periods of high extension followed by
short excursions of rotational tumbling where the ends of a polymer chain passed each
other very closely, with an associated flip in the orientational angle. Consequently, it
became apparent that the low |𝐑| peak of the bimodal distribution at high Wi was due to
the time-averaging of these fast quasi-periodic tumbling cycles, whereas the high |𝐑|
peak quantified the highly extended chain configurations, which persisted over longer
timescales than the relatively rapid rotation.
Ideally, the periodic nature of these tumbling events could be quantified by calculating
appropriate autocorrelation and cross-correlation functions of the end-to-end vector.
Therefore, Kim, et al. [29] examined the time correlation functions of the various
components of |𝐑|, and found that at low values of Wi, these correlations all decayed
monotonically, as expected, with a characteristic relaxation time that corresponded to the
Rouse time of this unentangled C78H158 liquid at equilibrium. However, at large Wi, these
correlations developed a damped oscillatory behavior that could be quantified by a Power
Spectral Density calculation and characterized by two timescales, as defined by the
equation
〈𝑅𝛼 (𝑡)𝑅𝛽 (𝑡 + 𝜏)〉 = 𝐴 exp(− 𝑡⁄𝜏𝑐𝑐𝑐𝑐 ) cos�2𝜋 𝑡⁄𝜏𝛼𝛼 �,
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(2.1)

where 𝐴 is a constant, 𝜏𝛼𝛼 is a characteristic timescale associated with the rate of
rotation, and 𝜏𝑐𝑐𝑐𝑐 is a convective timescale of configurational decorrelation that
corresponds to the Rouse time when Wi lies in the range [0,1]. The characteristic times
resulting from Eq. (2.1) showed that the rotational timescales decreased as the frequency
of the rotations increased with increasing Wi. It was noted that the critical Wi where a
breakdown of the Stress-Optical Rule occurred in prior simulations [58] corresponded
fairly well to the critical Wi where the onset of rotational motion became evident [29,30].
The primary conclusion drawn from these prior results is that chain ends undergo quasiperiodic fluctuations into the flow-vorticity plane during which they can begin to
experience anisotropic diffusion down the axis of “tubes” formed by the surrounding,
highly oriented chains.
It is worth noting that an analogous type of periodic rotational and diffusional motion has
been observed in simulations before [55,57,59,60]; these simulations have all invoked
mesoscopic models of bead-spring or bead-rod chains suspended at dilute concentrations
in low molecular-weight solvents where the model chains were free to maintain Jeffreys’type tumbling orbits and stretch-recoil cycles without experiencing interference from
surrounding chains. Edberg, et al. [61] also found evidence of molecular rotation and
stretching in NEMD simulations of small chain liquids (n-butane and n-decane);
however, the simulations of an analogous periodic behavior in the dense melts on
relatively large n-alkane chains, as described above, were quite unexpected.
Kim, et al. [27] also examined the topological characteristics of the C78H158 liquid and
noticed that the least primitive path of the chain molecules was highly dependent on Wi,
experiencing an initial increase at low values of Wi, an apparent maximum corresponding
to the critical flow strength where chain rotation became significant, and a subsequent
decrease as the molecular tumbling cycles produced more tightly coiled chain
configurations on average, ultimately resulting in primitive paths that were shorter than
those of the equilibrium system. Furthermore, the number of entanglements per chain was
shown to decrease steadily with increasing Wi due to the uncoiling effect of the highly
elongated chain configurations that comprise the stretch peak of the bimodal distribution
at any particular instant. The effective reptation tube diameter initially increased at low
Wi, followed by an apparent maximum and subsequent decrease with increasing Wi.
Once again, the maximum in the primitive path was clearly associated with the critical
value of Wi where chain rotation and retraction became a significant component of the
overall system dynamical response.
Kim, et al. [31] used the simulation results described above to develop and test a
stochastic model based on the ansatz of anisotropic chain diffusion through tubes formed
by surrounding, highly-aligned chains. The polymer chains were mesoscopically modeled
as bead-spring chains, with a finitely-extensible nonlinear elastic force law applied to the
springs. The basic principle in the bead-spring model is that chain segments composed of
many atomistic backbone units can be modeled collectively as a series of springs, each of
which characterizes the resultant forces of all the atomic constituents, with each spring
bounded between two beads that represent conceptual centers of frictional resistance with
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the surrounding medium. Kim, et al. [31] applied a force balance over the bead-spring
chain to derive an anisotropic diffusion model under the primary hypothesis at high strain
rates, when significant disentanglement occurs, the underlying dynamics of the polymer
chains resemble very closely the behavior that is observed for semi-dilute and
concentrated polymer solutions, as in visualization experiments [39-45]. This being the
case, it is reasonable to assume that mesoscopic models, such as the one described above,
will provide an accurate description of the individual molecular dynamics. Consequently,
each chain is surrounded by a mean-field of highly aligned chains that form an effective
“tube” through which a single chain can experience anisotropic diffusion that is enhanced
in the direction of the tube axis and inhibited perpendicular to the tube axis. In principle,
this allows chains in a mesoscopic Brownian dynamics simulation to recoil and rotate
similarly to the chains in the atomistic NEMD simulations.
The model described above was able to fit the standard rheological characteristic
functions (viscosity, first and second normal stress coefficients) and average molecular
extensions (magnitude of the end-to-end vector, etc.) of the atomistic NEMD simulations
quantitatively using a single adjustable parameter with a universal value. This value (0.6)
was slightly greater than the value of this ratio (0.5) derived by Doi and Edwards [26] for
rigid rod-like molecules, which makes sense based on the stated hypothesis. More
importantly, however, was the fact that the model was able to describe quantitatively the
bimodal distribution observed in the NEMD simulations as well as the characteristic
timescales of the rotational motion [31].
Although the phenomenon of molecular rotation described above is very interesting, its
relevance to real-world polymer dynamics can be questioned since the simulated liquid
was composed of fairly short-chain polyethylenes with only 78 carbon units.
Macromolecules of this length are only faintly entangled, with an average of about one
entanglement per chain at equilibrium, whereas fully-entangled polymer melts are
generally considered to average 20-30 entanglements, and often many more.
Consequently, it is highly possible that increasing the number of entanglements per chain,
not to mention simply increasing the length of the chains, might hinder the type of
anisotropic molecular diffusion that was observed in the short-chain simulations.
Therefore, longer chains were examined in subsequent studies (C400H802) by Baig, et al.
[32], where the chains average about five entanglements per chain under quiescent
conditions; hence the macromolecules can be viewed as moderately entangled from a
reptation perspective. These authors performed an extensive suite of NEMD simulations
at Wi values ranging from 0 to 21,600 and calculated many bulk fluid properties via
ensemble averaging, such as the end-to-end vector distribution, rheological characteristic
functions, the conformation tensor, number of entanglements, least primitive path,
molecular energies, and reptation tube diameters. Essentially all of these results were
qualitatively similar to those from the C78H158 NEMD simulations, as described above.
These results were rather surprising in that all of the unusual behavior observed in the
unentangled C78H158 simulations carried over into the much longer moderately-entangled
C400H802 simulations. However, the lack of focus on the dynamics of the individual
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macromolecules comprising the fluid left a gap in the understanding of this moderately
entangled polymeric liquid, which the present contribution aims to fill. Specifically, the
relationships between the bulk-averaged system properties and the onset of chain rotation
retraction, as well as the associated coupled timescales, were not elucidated in the prior
work, and will be examined more critically herein. Some of the results of Baig, et al. [32]
will be reproduced in this article to retain continuity, but the reader is referred to the cited
paper for a complete presentation of the prior work.

2.3

Simulation Methodology

2.3.1 Nonequilibrium Molecular Dynamics
The system studied in this work is a monodisperse C400H802 linear polyethylene melt. The
simulation conditions were adopted from a previous work on C400H802 by Baig, et al. [32]
in order to facilitate a comparison with their results. The rectangular simulation volume
contained 198 C400H802 chains, subject to periodic boundary conditions on all sides of the
box. The NVT simulations were performed at constant temperature (450 K) and constant
density (0.7640 g/cm3 ) corresponding to a well-established experimental state point at
atmospheric pressure. The dimensions of the simulation volume were 86.96 Å along the y
(gradient) and z (neutral) directions and 318.8 Å along the x (flow) direction. As the flow
is in x direction, this box dimension was set considerably larger than the other two
directions since under high shear the chains would stretch and orient at a small angle with
respect to the x axis. The maximum possible extension of the chains, |𝐑|𝑚𝑚𝑚 , is
approximately 515 Å when all bond dihedral angles are in the trans-configuration while
bond lengths and angles maintain their equilibrium values; therefore, 318.8 Å should be
sufficient to minimize systems size effects that might occur during the high shear
simulations where significant degrees of chain extension and orientation can be induced
by the flow. An extended simulation box of dimensions (516×68.5×68.5 Å) was also
examined at Wi values of 1,060 and 10,000 to ensure that individual chains could not
extend through both ends of the simulation cell in the flow direction; results proved that
all measured statistical properties were unchanged from the original simulation cell.
The simulation box was comprised of 79,200 united atoms making up the 198 chain-like
molecules, which conformed to the Siepmann-Karaborni-Smit (SKS) united-atom
potential model [62] except that the rigid bond between adjacent atoms in the original
model was replaced with a harmonic potential function; this is standard practice in
molecular dynamics simulations as use of this potential model alleviates integration
difficulties. The united-atom particles represent either -CH3 or -CH2- groups, depending
on location along the chain. All intermolecular and intramolecular potential functions
(bond-stretching, bond-bending, etc.) were the same as employed in many prior
simulation studies [27-32,51,58,63,64], with the only exception being the bond-torsional
potential,
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3

𝑈𝑡𝑡𝑡 (𝜙) = � 𝑎𝑚 (cos 𝜙)𝑚 ,

(2.2)

𝑚=0

where the bond-torsional constants were 𝑎0 ⁄𝑘𝐵 = 1010 𝐾, 𝑎1 ⁄𝑘𝐵 = −2019 𝐾, 𝑎2 ⁄𝑘𝐵 =
136.4 𝐾, and 𝑎3 ⁄𝑘𝐵 = 3165 𝐾. Although Eq. (2.2) is the same as in the previous studies,
the values of 𝑎1 ⁄𝑘𝐵 and 𝑎3 ⁄𝑘𝐵 have the opposite signs to those used in most prior work;
this is because the program used in the present work defined the dihedral angle such that
the trans-configuration is located at 180° rather than at 0°.
The p-SLLOD equations of motion were used to perform the NEMD simulations, which
were maintained at a constant temperature of 450 K using a Nosé-Hoover thermostat
[23,24,65-69]. The full set of evolution equations for the system can be found in several
of the cited references. The upper limit of strain rates examined is believed to be below
the threshold where thermostat artifacts begin to affect the system response [63,70].
The equations of motion were implemented within the Large-scale Atomic/Molecular
Massively Parallel Simulator (LAMMPS) environment. Boundary conditions were
periodic at all box surfaces with a deforming simulation box in the x direction. The
equations were integrated using the reversible Reference System Propagator Algorithm,
r-RESPA, with two different time steps. The long time step was 2.35 fs, which was used
for the slowly varying non-bonded LJ interactions. The short time step was 0.47 fs (onefifth of the long time step) for the rapidly varying forces including bond-bending, bondstretching, and bond torsional interactions. The relaxation time of the thermostat was set
equal to 0.235 ps in all simulations. Roughly the same range of shear rates was examined
as in the study of Baig, et al. [32]; i.e., (4.59 × 106 s−1 ≤ γ̇ ≤ 9.63 × 1010 s−1 ).

The topological analysis was performed using the Z1 code developed by Kröger [71],
which reduces atomistic configurations to a primitive path network in which the chains
are not allowed to cross through each other as the algorithm simultaneously minimizes
the contour length of each polymer molecule [72]. This method uses geometrical methods
rather than dynamical algorithms to minimize the contour lengths of primitive paths in
the most computationally efficient manner. The code further defines positions of kinks
along the 3-dimensional primitive path of each chain, which are assumed to be roughly
proportional to the number of entanglements per chain. Results of the code can be used to
interpret other important reptative parameters, such as the effective tube diameter and
entanglement strand length. The Z1 method has been compared with other topological
analysis techniques by [73].
2.3.2 Brownian Dynamics
Brownian Dynamics (BD) simulations were also performed for a free-draining bead-rod
chain to assess the similarities and differences between single-chain dynamical behavior
in the C400H802 melt and an analogous chain-like macromolecule in dilute solution under
shear. Simulations were performed using methods described elsewhere [30,55,74]. The
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linear C400H802 macromolecule was modeled mesoscopically as a freely-jointed chain of
32 beads separated by rigid rods 16.5 Å in length, as discussed in the following section of
this article.
The BD simulations assumed a sum of three external forces acting on the beads, which
satisfied a conservation equation for each bead. These forces were the hydrodynamic
drag force, as described by Stokesian friction acting on the beads, a constrain force,
which maintains constant bond length (b) between adjacent beads, and a Brownian force
that describes collisions between neighboring beads. The resulting set of evolution
equations for the position vectors of the beads was solved using the iterative technique
developed by Liu [75], which has been proven to be optimal for this size of chains by
Somasi, et al. [74].
The Brownian dynamics simulations were performed by matching the longest relaxation
time of the bead-rod model to the equilibrium value of 231 ns, as extracted from the
atomistic equilibrium simulation—see below for specific details. Equilibrium and flow
properties were calculated using long-time ensemble averages of 1,000 replicated chain
systems.

2.4

Results and Discussion

2.4.1 Quiescent Properties
Simulation data of the autocorrelation functions of the unit and scaled end-to-end vectors
versus time of the C400H802 liquid under quiescent conditions are presented in Figure 2.1.
The autocorrelation function of the i-th chain unit end-to-end vector, as expressed in
terms of the usual chain end-to-end vector, 𝐮𝑖 = 𝐑 𝑖 ⁄|𝐑 𝑖 |, is represented as 〈𝐮𝑖 (𝜏) ∙
𝐮𝑖 (𝜏 + 𝑡)〉, where 𝜏 is an arbitrary reference time and the angular brackets denote an
ensemble average over all of the 198 chains in the simulated liquid. The autocorrelation
� 𝒊 (𝜏) ∙ 𝐑
� 𝒊 (𝜏 + 𝑡)〉, where 𝐑
�𝑖 =
function of the scaled end-to-end vector is defined as 〈𝐑
2
½
2
𝐑 𝑖 ⁄〈𝑅 〉 is weighted with respect to the equilibrium value of 〈𝑅 〉 = 8482 Å2 as
determined from the simulation. Although the system relaxation times are usually
� 𝑖 , we chose here to primarily
developed in terms of correlation functions of either 𝐑 𝑖 or 𝐑
use 𝐮𝑖 , as did Baig, et al. [32]. Our primary motivation for doing so is because the
autocorrelation function of 𝐮𝑖 weights each chain equally, rather than an unscaled end-toend vector that weights highly extended chains with longer values of |𝐑 𝑖 | more heavily
than those with low extensions. This is important at the high values of Wi to be examined
later where the end-to-end vector can be quite small due to frequent rotation and
retraction cycles, which can reduce |𝐑 𝑖 | to very small values, even less than the
equilibrium value. We simulated the liquid dynamics for a system composed of 198
chains for 1,200 ns, a factor of three higher than the timespan simulated by Baig, et al.
[32], who used a simulation of 54 chain molecules for the quiescent case [Baig, 2013];
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� 𝒊 (𝜏) ∙ 𝐑
� 𝒊 (𝜏 + 𝑡)〉
Figure 2.1. Autocorrelation functions of 〈𝐮𝑖 (𝜏) ∙ 𝐮𝑖 (𝜏 + 𝑡)〉 and 〈𝐑
versus time under quiescent conditions. Data are presented for the present simulations as
well as those of Baig, et al. [32]. The fit to the unit end-to-end (ete) vector data set of the
present work is given by a sum of three exponentials, whereas the fit to the data set of
Baig et al. is via the KWW equation.
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given the nature of a calculation of the correlation function, our data should therefore be
inherently more accurate.
The time correlation functions for our equilibrium simulation and that ofBaig, et al. [32]
are presented in Fig. 2.1, where the latter data were generously shared with us by Dr.
Baig (2013). The present data decay exponentially to zero over the long timespan of the
simulation, whereas that of Baig et al. ends well short of total decay. Because of this,
there is some degree of error evident in the final 200 ns of their data. Based on a fit of the
Kohlrausch-Williamson-Watts (KWW) equation [36],
𝑡 𝛽𝐾
〈𝐮𝑖 (𝜏) ∙ 𝐮𝑖 (𝑡 + 𝜏)〉 = 𝐴𝐾 exp �− � � �.
𝜏𝐾

(2.3)

Baig, et al. [32] estimated the longest system relaxation time to be 218 ns. In Eq. (2.3), 𝜏
is an arbitrary reference time and 𝐴𝐾 , 𝜏𝐾 , and 𝛽𝐾 ∈ [0,1] are fitting parameters that allow
an estimation of the longest system relaxation time. The KWW equation is thus a
stretched exponential expression which allows a much better estimation of the longest
relaxation time of the system when only a limited amount of simulation data are
available. Using this expression, our estimate of the longest system relaxation time is 154
ns, which is significantly lower than that of Baig et al.; however, given the extensive
amount of present data, there is no need to employ the KWW equation, and a sum of
simple exponentials can be used to estimate multiple system relaxation times, not just the
longest one. Sums of two and three exponentials gave very good fits to the data, and the
relaxation times determined via a least-squares fit are presented in the first two columns
of Table 2.1 (The three-exponential fit is displayed in Fig. 2.1.) Based on the threeexponential fit, the relaxation times are calculated as 2.4, 28, and 231 ns. (Sums including
additional exponential functions, containing four and five functions respectively, gave
longest relaxation times very near to 231 ns as well.) The longest of the these (231 ns)
was used to calculate the values of Wi used in the shear flow simulations for the range of
shear rates stated above; i.e., 𝑊𝑊 ∈ [1.06, 22,250]. Note that the value of the relaxation
time obtained from a fit of the KWW equation (154 ns) drastically underestimates the
actual longest relaxation time. Based upon the value of 218 ns, Baig et al. (2010)
reportedly examined the range of 𝑊𝑊 ∈ [0.54, 21,600]; however, their value of the
longest relaxation is sufficiently close to our value such that the shift in the simulated
data when plotted against Wi should be negligible, enabling direct comparisons between
Table 2.1. The three relaxation times calculated from the autocorrelation function of the
unit end-to-end vector, 𝐮𝑖 , according to two and three-term series of exponential
functions, segmental MSD data, and reptation theory.
Relaxation time
𝜏𝑒 (ns)
𝜏𝑅 (ns)
𝜏𝑑 (ns)

2-exponential

3-exponential

MSD

Theory

---16
225

2.4
28
231

2.6
20
279

5.1
18
273
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our results and those of Baig, et al. [32].
� 𝑖 (𝜏 + 𝑡)〉 of the scaled end-to� 𝑖 (𝜏) ∙ 𝐑
Figure 2.1 also displays the correlation function 〈𝐑
end vector. A fit of a sum of two exponentials to the data yields characteristic timescales
of 18 and 228 ns, whereas a sum of three exponentials gives 2.9, 29, and 232 ns.
Comparing these values with those of Table 2.1, it is evident that these timescales are
very close to those obtained from similar fits of the unit end-to-end vector
autocorrelation. The scaled vector correlation is slightly higher than that of the unit
vector, which is expected since the more highly extended chains are weighted more
heavily in the scaled vector calculation, although this effect is fairly small at equilibrium
since the probability of finding highly extended chains is very low. Most of the difference
between the two sets of data manifests in the prefactors of the terms in the exponential
summations, not in the characteristic timescales.
We hypothesize that the three relaxation times calculated using the unit end-to-end vector
correlation function in Table 2.1 correspond to actual physical processes of the C400H802
liquid, as described by reptation theory. The smallest of these, 2.4 ns, corresponds to the
entanglement time, 𝜏𝑒 , which is associated with the timescale for individual chain
segments to feel the confining constraints of the tube formed from the surrounding
chains. The intermediate timescale is associated with the Rouse time, 𝜏𝑅 , and the longest
relaxation time is associated with the disengagement time, 𝜏𝑑 , which is the time required
for the chain to escape from its initial tube. We can use deductions from reptation theory
to justify this hypothesis, as discussed below.
According to reptation theory of a Gaussian chain [26], the Rouse and disengagement
timescales are governed by the expressions
𝜏𝑅 =
𝜏𝑑 =

ξ𝑁 2 𝑏 2
,
3𝜋 2 𝑘𝐵 𝑇

1 𝜉𝑁 3 𝑏 4
,
𝜋 2 𝑘𝐵 𝑇 𝑎2

(2.4)
(2.5)

where 𝜉 is the friction coefficient of the identical beads, 𝑁 is the number of beads per
chain (which is approximately the number of Kuhn steps for long chains), 𝑏 is the Kuhn
length, and 𝑎 is the step length of the primitive chain or, equivalently, the tube diameter.
The Kuhn length, as approximated by 𝑏 = 〈𝑅 2 〉⁄|𝐑|𝑚𝑚𝑚 , is determined directly from the
simulation as 16.5 Å, based on the equilibrium 〈𝑅 2 〉½ value of 92.1 Å. This value is
slightly larger than the 89.5 Å calculated by Baig, et al. [32]; however, the two values are
within the mutual error tolerances of each other. Hence the number of Kuhn segments is
31.29 ≈ 31. Defining the radius of gyration as 𝑅𝑔 , the ensemble average 〈𝑅𝑔2 〉 = 1369 Å2.
The number of steps in a primitive chain, or the number of entanglements per chain, is
defined as [26]
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〈𝐿〉 𝑁𝑏 2
(2.6)
𝑍=
= 2 ,
𝑎
𝑎
where Z is the number of entanglements per chain and 〈𝐿〉 is the average primitive chain
contour length, which was calculated using the Z1 code as 209 Å. The number of
entanglements is given by the expression 𝑍 = 〈𝐿〉2 ⁄𝑅 2, where we have defined 𝑅 2 ≡
𝑁𝑏 2 . This will be assumed to be equivalent to 〈𝑅 2 〉 = 8482 Å2. Accordingly, the number
of entanglements is calculated using this expression as Z = 5.15, and hence the tube
diameter is 40.6 Å from Eq. (2.6). This value of Z compares well with the experimental
value of ≈ 4.9 reported by Fetters, et al. [76]. Alternatively, a can be calculated according
to 𝑎 = 𝑏(𝑁𝑒 )½, where 𝑁𝑒 = 𝑁⁄𝑍 is the number of Kuhn steps per entanglement strand,
which also gives 40.6 Å. These values compare well with the value of the step length of
the primitive path, 𝑎𝑠 , for the same C400H802 liquid simulated by Stephanou, et al. [77]as
39 Å, which they calculated according to Eq. (2.6) rewritten as 𝑎𝑠 = 𝑅 2 ⁄〈𝐿〉. These
values for a also compare favorably with the value of 36 Å determined experimentally for
a polyethylene at 413 K [78], and the value of 𝑁𝑒 = 6.02 compares reasonably well with
the experimental value of 6.89 for the same liquid [78]. The expression used to calculate
the number of entanglements, 𝑍 = 〈𝐿〉2⁄𝑅 2 , is based on the assumption that the chain
primitive paths obey Gaussian statistics and that entanglement strands between “kinks” in
the primitive paths are interpreted as Kuhn steps. These assumptions break down under
flow conditions as the chains deform and orient, and hence the measure of the number of
entanglements used above becomes ill-defined. The Z1 code provides, besides 〈𝐿〉, an
additional quantity, 〈𝑍𝑘 〉, based on the number of kinks along the three-dimensional
primitive path of each chain, which in some unclear way is proportional to the number of
entanglements. Assuming that the kinks represent junctures between entanglement
strands, the average 〈𝑍𝑘 〉 is calculated by the Z1 code, which is not restricted to Gaussian
statistics and hence remains valid under flow conditions. Everaers [79] offered an
explanation for the empirical evidence (including that of Stephanou, et al. [77] and that
presented below) which consistently suggests a proportionality factor of approximately
two. Consequently, we will use this quantity in the following subsection describing the
shear results rather than 𝑍, and simply refer to it as the number of entanglements. Under
quiescent conditions, 〈𝑍𝑘 〉 = 9.91, which is about twice the value of 𝑍. It remains rather
ambiguous, however, what exactly is the physical meaning of the concept of an
“entanglement.”
The ratio between 𝜏𝑑 and 𝜏𝑅 is expressed using Eqs. (2.4) and (2.5) as [26]
𝜏𝑑
= 3𝑍.
𝜏𝑅

(2.7)

The friction coefficient can be estimated using the diffusion coefficient of the chain
center of mass, 𝐷𝐺 . For times 𝑡 ≫ τd , the diffusion coefficient is given by [26]
𝑘𝐵 𝑇 𝑎2
(2.8)
𝐷𝐺 =
.
3𝑁 2 𝜉𝑏 2
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Using Eqs. (2.5) and (2.8), it is evident that
1 𝑅2
𝜏𝑑 = 2
.
3𝜋 𝐷𝐺

(2.9)

Here, 𝐷𝐺 is directly proportional to the slope of the center-of-mass mean-square
displacement versus time via [26]
𝐷𝐺 = lim

𝑡→∞

1
〈(𝑅𝐺 (𝑡 + 𝜏) − 𝑅𝐺 (𝜏))2 〉.
6𝑡

(2.10)

It assumes the value of 1.0490 × 10−11 m2/s based on the equilibrium simulation results
for 𝑡 ≫ τd ; see Figure 2.2. The disengagement timescale is thus calculated to be 273 ns
using Eq. (2.9). The longest relaxation time obtained from the three-exponential fit (231
ns) is within 15% of this value. According to Eq. (2.7), the theoretical value of Rouse
time is 18 ns.
Characteristic times of the system at equilibrium can also be determined by analyzing the
segmental mean-square displacement (MSD) versus time. This graph can also be used for
calculation of other characteristic times of the system. The segmental mean-square
2
displacement is defined as 𝜑(𝑡) = 〈�𝑟𝑛 (𝑡 + 𝜏) − 𝑟𝑛 (𝜏)� 〉 [26] where 𝐫𝑛 is the position
vector of the 𝑛-th monomer (i.e., the n-th -CH2- unit). In order to minimize chain-end
effects, only 50 monomers in the middle of the chains were included in these
calculations. Figure 2.3 the segmental MSD as a function of time. Four different regimes
(three characteristic breaks) can be observed in these plots. For a very short time, the
segment does not feel the constraints of the network and it is known that 𝜑(𝑡) =
1
2𝑁𝑏 2 (𝑡 /𝜋 3 𝜏𝑅 ) �2 ≅ 𝑎2 [26]. Therefore the slope of a log-log plot is approximately 1/2
at very short times such that the average segmental displacement is much less than the
tube diameter. According to Doi and Edwards [26], the entanglement timescale, 𝜏𝑒 , is
related to the segmental MSD as
𝜑(𝜏𝑒 ) = 2𝑁𝑏 2 (𝜏𝑒 /𝜋 3 𝜏𝑅 )

Substituting Eqs. (2.7) and (2.9) into (2.11) results in
𝜋 𝑅2
𝜏𝑒 =
.
36 𝐷𝐺 𝑍 3

1�
2

≅ 𝑎2 .

(2.11)

(2.12)

Using Eqs. (2.7) and (2.9), Eq. (2.12) can be expressed relative to the other system
timescales as
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Figure 2.2. MSD of the chain center of mass versus time. The blue line corresponds to the
best linear fit to data for times much greater than the disengagement time.
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Figure 2.3. Short (a) and long (b) timescale MSD versus time of the centermost chain
atomic units.
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𝜏𝑑 12 3
=
𝑍
𝜏𝑒 𝜋 3

and

𝜏𝑅
4
= 3 𝑍2.
𝜏𝑒 𝜋

(2.13)

Accordingly, the theoretical value of 𝜏𝑒 is 5.1 ns. The very short time dynamics (𝑡 < 𝜏𝑒 )
are displayed in Fig. 2.3(a), where the initial slope is calculated to be 0.44 and then0.34
for latter times. The point where the slope changes is taken as corresponding to the
entanglement time [26]. Equation (2.11) indicates that the slope should assume the value
of 0.5 at very short times, which is somewhat higher than the value indicated by the
simulations. For 𝑡 > 𝜏𝑒 , the motion of the segment perpendicular to the primitive path is
restricted, but the motion along the primitive path is free. It is known that 𝜑(𝑡) ≅
1
1
𝑎(𝑘𝐵 𝑇 𝑏 2 𝑡/𝜉) �4 for 𝜏𝑒 ≤ 𝑡 ≤ 𝜏𝑅 and 𝜑(𝑡) ≅ 𝑎(𝑘𝐵 𝑇 𝑡/𝑁𝑁) �2 for 𝜏𝑅 ≤ 𝑡 ≤ 𝜏𝑑 [26].
Hence, the segmental MSD versus time curve has a slope of ¼ in the region 𝜏𝑒 ≤ 𝑡 ≤ 𝜏𝑅
and a slope of ½ in the time region 𝜏𝑅 ≤ 𝑡 ≤ 𝜏𝑑 . From Fig. 2.3(b), these slopes are 0.29
and 0.45, respectively, which approximate the expected values. For 𝑡 ≥ 𝜏𝑑 the dynamics
are governed by the reptation process, where the segmental MSD is known to follow
𝜑(𝑡) ≅ 𝑘𝐵 𝑇 𝑎2 𝑡⁄𝑁 2 𝜉𝑏 2 , indicating a slope of unit value [26]. The slope, however, turns
out to be 0.75, which is sublinear; we assume that this discrepancy is due to the
dynamical nature of the entanglement network.
The entanglement, Rouse, and disengagement times can be determined from the breaks in
the curves Fig. 2.3. These are estimated to be 2.6, 20, and 279 ns, respectively. The
entanglement time matches very closely with the value of 2.9 ns estimated by Stephanou,
et al. [77] for this liquid using the same method of determination. These authors did not
report the Rouse time for this fluid, but they estimated the disengagement time as 489 ns,
which is significantly more than the value of 279 ns obtained from the present
simulations; however, our value compares well with that of 273 ns calculated from
reptation theory. The Rouse time of 20 ns also compares well with the value of 18 ns
calculated according to tube theory. In order to compare the dynamics of the C400H802
melt with those of an analogous bead-rod chain in dilute solution, three parameters are
needed to set the properties of the bead-rod chain. Two of these have already been
determined: 𝑁 = 32 and 𝑏 = 16.5 Å. The final parameter, the friction coefficient, was
set using the longest relaxation time of the dense liquid simulation, which was 231 ns.
The autocorrelation function of the end-to-end vector can be expressed as[26]
〈𝐑(𝑡 + 𝜏) ∙ 𝐑(𝜏)〉 = 𝑁𝑏

2

8
𝑡𝑝2
� 2 2 exp(−
) ,.
𝑝 𝜋
𝜏𝑙

𝑝=1,3,…

(2.14)

where 𝑝 is the Rouse mode and 𝜏𝑙 is the longest system relaxation time, which typically
takes on the meaning of the Rouse time, 𝜏𝑅 ; however, once the system becomes reptative,
the longest relaxation mode (𝑝 = 1) is associated with the disengagement time and the
second longest relaxation mode (𝑝 = 3), can in some sense be viewed as a “Rouse time”
for an entangled, reptative system. This viewpoint is supported by the comparison with
reptation theory and the dense liquid data, as discussed above and presented in Fig. 2.3
25

and Table 2.1. Note that the data for the three-exponential fit from Table 2.1 appear to
confirm this; i.e., 231/28 = 8.25 ≈ 9, as would be expected from Eq. (2.14). Accordingly,
the friction coefficient can be calculated for an assumed value of 𝜏𝑙 according to[26]
𝜉𝑁 2 𝑏 2
𝜏𝑙 = 𝜏𝑅 =
.
3𝜋 2 𝑘𝐵 𝑇

(2.15)

as 1.6 × 10−11 N s m-1. Here we must correlate the longest relaxation times of the two
systems to obtain the correct equilibrium responses, even though this amounts to the
Rouse time for the dilute solution and the disengagement time for the melt. With 𝑁, 𝑏,
and 𝜉 thus specified, a Brownian Dynamics simulation of the bead-rod chain solution was
carried out under quiescent conditions. The ensemble averages 〈𝑅 2 〉 and 〈𝑅𝑔2 〉 were
calculated as 8452 and 1442 Å2, respectively; these correspond to the values of 8482 and
1369 Å2 obtained in the melt simulation, as expected. A fit of the autocorrelation function
〈𝐮(𝜏) ∙ 𝐮(𝜏 + 𝑡)〉 with a sum of two exponential functions, as shown in Figure 2.4,
revealed timescales of 16 and 235 ns. The longer of these corresponds well to the value
of 231 ns used to calculate 𝜉, demonstrating that the correct equilibrium dynamics have
been incorporated into the mesoscopic bead-rod chain model. Note that the shorter
timescale is the same as the Rouse time determined by the two-exponential fit of the
NEMD data (see Table 2.1), and lies in the rough neighborhood of 235 ns/9 = 26.1 ns,
which is the timescale of the third relaxation mode predicted by Eq. (2.14) when 𝑝 = 3.
In summary, the principal timescales deduced in this section were presented in Table 2.1.
As a whole, they appeared to be fairly consistent with each other over all methods of
calculation. They also demonstrated that the C400H802 melt simulated in this study appears
to be described fairly well by standard reptation theory at equilibrium, which is somewhat
surprising given the low number of entanglements per chain (5.15) that it possesses; this
places the liquid in the semi-entangled regime where reptation concepts are not as well
defined as in the fully entangled state. This is a fortunate occurrence, however, in that it
will allow us to discern clearly the important changes away from reptative behavior in the
next section once sufficiently high shear rates have been attained.

2.4.2 Steady Shear Flow Properties
The Molecular Dynamics and Brownian Dynamics simulations described in the
preceding subsection were extended to nonequilibrium conditions for 𝑊𝑊 ∈ [1.06,
22,250]. The primary focus of the present article is on the rotational dynamics of the
individual chain molecules composing the dense polyethylene liquid, which were not
thoroughly examined by Baig, et al. [32]. Nevertheless, the prior results served to test the
consistency of our results (and theirs), as all of the bulk-average properties as functions
of Wi reported by Baig et al. were reproduced quantitatively by the present suite of
simulations; therefore, there is no need to repeat all of these data in the following text.
We will focus only on those bulk-average properties whose characteristics are directly
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Figure 2.4. Autocorrelation function of the unit end-to-end vector vs. time of the BD
simulation under quiescent conditions and a fit using a sum of two exponential functions.
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impacted by the individual chain rotation and retraction dynamics to make clear the effect
that these unexpected chain motions have upon the macroscopic system properties.
The rotation and retraction cycles of individual chains comprising the C400H802 melt are
displayed in Fig. 2.5(a) for a single chain chosen at random for Wi = 10,600. As evident
from the plot, the chain is constantly experiencing both rotation and retraction of a quasiperiodic nature, similarly to previous studies of short-chain, unentangled polyethylene
C78H158 [29,30]. During a typical period, the chain retracts from a highly extended
configuration (|𝐑|⁄|𝐑|𝑚𝑚𝑚 → 1) to a tightly packed coil (|𝐑|⁄|𝐑|𝑚𝑚𝑚 → 0), which is
even more compact than the equilibrium average random coil of |𝐑|⁄|𝐑|𝑚𝑚𝑚 = 0.18. At
the minimum point of the period, the orientation of the chain flips quickly as the chain
ends pass each other at the instant of closest contact, after which the chain quickly
expands once more to a highly stretched configuration. Although depicted for only a
single random chain, the behavior of all molecules within the system is essentially the
same, providing a much richer dynamics to the flow response of this melt that could have
been imagined for this moderately entangled polymeric liquid. Indeed, this behavior is
very similar to that observed by Edberg, et al. [61] for very short n-alkanes (butane and
decane), where it would not be completely unexpected.
The periodic rotation and retraction cycles observed in the melt are very similar to those
that occur within a dilute solution of a free-draining, bead-rod chain undergoing a high
shear-rate flow. Fig. 2.5(b) displays the dynamics derived from the BD simulations of the
mesoscopic analog of the polyethylene liquid at the same value of Wi (10,600) as
depicted in Fig. 2.5(a). Similar qualitative features can be noted, as well as essentially
the same quantitative values of the rotational period and average molecular extension and
compression. Hence the rotation/retraction dynamics of the polyethylene melt are
provocatively similar to those of macromolecular dilute solution, which is quite
surprising given the moderately entangled nature of the dense liquid. This provides
initial evidence that the entanglement network of the C400H802 liquid must be at least
partially destroyed by the shear flow.
Snapshots from a typical period of a random chain of the NEMD simulations at Wi =
10,600 are displayed in Figure 2.6(a). A rotational period begins by either one or both
chain ends diffusing backward along the backbone contour toward the center of the chain
in a hairpin-like configuration, forming a tightly packed coil, which grows in size as the
other chain end retracts toward the chain center. This compact molecular configuration
then experiences an almost instantaneous flip in direction of the end-to-end vector, after
which each chain end diffuses back along the molecular backbone until the chain is once
again highly extended. This hairpin-like diffusion of the chain ends along the molecular
backbone clearly requires an absence of interchain entanglements, and appears to possess
the characteristics of anisotropic diffusion through cylindrical tubes formed by
neighboring highly stretched chains, as hypothesized by Kim et al. [29-31].
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Figure 2.5. Plots of the normalized end-to-end vector and orientation angle vs. time for
(a) a random chain in the dense liquid NEMD simulation and (b) a bead-rod chain from
the free-draining dilute solution BD simulation. Both sets of data are for simulations at
Wi = 10,600.
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Figure 2.6. Configuration snapshots of a randomly chosen single chain at various
incremental time values from the (a) NEMD and (b) BD simulations at Wi = 10,600.
Setting the first configuration at a reference time of 0, snapshots correspond to time
instants labeled as multiples of the longest system relaxation time (τ=2.03 ns for NEMD
and 2.88 ns for BD).
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Figure 2.6 shows similar configurations adopted by the bead-rod chain in dilute solution
as simulated by BD at the same value of Wi as above. It is evident that the chain
configurational rotation and retraction dynamics are very similar to those of the
polyethylene dense liquid, with the only minor differences being that the bead-rod chain
configurations are more compact due to the lack of excluded volume interactions. These
snapshots serve to reinforce the evidence of the lack of entanglements in the melt at high
shear rates, since the observed configurations are very similar to those of the dilute
solution. The remarkable similarity of dilute solution properties in a theta solvent and
those of a melt under quiescent conditions has been a hallmark of polymer theory for
over seventy years; it appears there is also a great deal of similarity under a strongly
shearing flow as well. At high shear rates, the polyethylene chains behave similarly to
analogous molecules in dilute solution, experiencing a mean-field force that acts through
isotropic drag on statistical Kuhn segments of the atomistic chain.
The configurational behavior observed above at Wi = 10,600 is rather straightforward to
interpret due to the similarities with dilute solution behavior, as described above, and also
due to the very high applied shear rate which places the system response well within the
Wi range where the chain dynamics are dominated by the rotation and retraction cycles
and all entanglements have essentially been destroyed—see below. At intermediate Wi,
the configurational dynamics are more difficult to interpret since chain stretching is still
playing a competing role in dictating the systems response and the entanglement network
has yet to be completely annihilated.
Figure 2.7 shows plots of the rotation/retraction cycles of the chains within the melt and
solution at Wi = 106. Several features are obvious in contrast with Fig. 2.5 at Wi =
10,600. First, the degree of chain stretching at the apex of the rotational cycle is much
lower at Wi = 106, as expected. Nevertheless, the rotational motion at Wi = 106 is as
readily apparent as it was at the higher value of Wi. Also, the rotational cycles are far
less regularly periodic than at Wi = 10,600. Furthermore, the timescale of the rotation is
two orders of magnitude higher than at the higher value of Wi, and the molecules remain
in their stretched state for much longer portions of the overall periodic cycle.
Figure 2.8 presents configurational snapshots of random chain at a number of time
increments at Wi = 106 for both the dense liquid and dilute solution simulations. There
are some subtle yet crucial differences between the configurational dynamics at this value
of Wi compared to the much higher value of Fig. 2.6. Most apparent is the fact that
neither the atomistic chain nor the bead-rod chain experiences nearly as great of a degree
of extension at the apex of its rotational cycle. However, another subtle difference is that
the atomistic chain does not fully collapse at the moment of the orientation angle flip, as
at the higher Wi number, whereas the bead-rod chain experiences essentially the same
configurational collapse to a very compressed structure at the middle of its cycle.
Furthermore, the motion of the atomistic chain no longer resembles that of a collapsing
and extending structure, but appears to move linearly along the chain backbone like a
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Figure 2.7. Plots of the normalized end-to-end vector and orientation angle vs. time for
(a) a random chain in the dense liquid NEMD simulation and (b) a bead-rod chain from
the free-draining dilute solution BD simulation. Both sets of data are for simulations at
Wi = 106.
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Figure 2.8. Configuration snapshots of a randomly selected single chain at various
incremental time values from the (a) NEMD and (b) BD simulations at Wi = 106. Setting
the first configuration at a reference time of 0, snapshots correspond to time instants
labeled as multiples of the longest system relaxation time (τ = 48.8 ns for NEMD and
61.9 ns for BD).

33

rope passing over a pulley, or as if diffusing around some internal obstacles. One
hypothesis is that at this lower value of Wi there still exist a significant number of
entanglements such that the atomistic chains are forced to diffuse around the obstructions
of neighboring chains. In the BD simulations of the dilute solution, however, there are by
default no entanglements to impede the segmental motion, and hence the bead-rod chain
experiences the same diffusive motion regardless of the value of Wi. The dynamics of the
dense liquid and dilute solution can be quantified by determining the characteristic times
of the system responses, which now include a rotational timescale that characterizes the
period of the tumbling/retraction cycles of the chains. The first timescale is associated
with the longest timescale of the liquid at equilibrium, which we formerly referred to as
the disengagement time. As Wi is ramped up, it is clear that the idea of a reptation or
disengagement timescale becomes ambiguous as the entanglement network within the
fluid relaxes and ultimately vanishes completely. Consequently, for the remainder of this
article we will refer to this timescale simply as the longest relaxation time, even though
later on the rotational timescale will actually be larger than this quantity. These
relaxation timescales can be determined using autocorrelation functions of various
components of the unit end-to-end vector and fitted to known functions, as we discussed
above for the quiescent fluids. At low values of Wi we used a two-exponential
summation to determine the longest and Rouse timescales, whereas for Wi in the strongly
nonlinear viscoelastic regime, we used the single exponential function with an embedded
cosine dependence (analogous to Eq. (2.1)) to fit the longest and rotational timescales.
At Wi = 1 and 10, the autocorrelation functions, 〈𝐮𝑖 (𝜏) ∙ 𝐮𝑖 (𝜏 + 𝑡)〉, of the dense liquid
and the dilute solution decay monotonically in a qualitatively similar fashion to those of
the quiescent fluids, as shown in Fig. 2.1 and Fig. 2.4. For Wi > 50, however, the
autocorrelation functions of both liquids display an initial monotonic decrease with time,
but then pass below the zero axis and then experience a damped oscillation that
eventually decays to zero over about two time periods of the cycle. This behavior is
shown in Figure 2.9 for both liquids, as well as the fits to this data using Eq. (2.1) at Wi =
106 and 10,600.
The longest relaxation times of the dense liquid and dilute solution are displayed in
Figure 2.10 as functions of Wi. At Wi = 1 and 10, this timescale does not change
appreciably from the two-exponential fit of either liquid under quiescent conditions (225
and 235 ns, respectively—see Table 2.1). This is the behavior expected from classical
reptation theory of the disengagement time, which appears to remain valid well into the
nonlinear viscoelastic regime, at least up to Wi = 10. In the linear viscoelastic regime (up
to Wi = 1), the second timescale of the melt and solution remain approximately constant
at 19 and 14 ns (based on a two-exponential fit), respectively, compared to the
equilibrium values of 16 and 18 ns. As the shear rate is increased into the nonlinear
regime, the Rouse time of the melt has decreased to 6 ns at Wi = 10, whereas that of the
solution has essentially disappeared from the system response leaving only a single
exponential decay.
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Figure 2.9. Plots of the autocorrelation function of the unit end-to-end vector vs. time at
Wi = 106 and 10,600 for the atomistic (NEMD) and bead-rod (BD) chain liquids and fits
to the data using Eq. (2.1).
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Figure 2.10. The longest system relaxation time for the atomistic (NEMD) and bead-rod
(BD) chain liquids as functions of Wi. For Wi > 1,000, the slopes of power-law fits are 0.73 and -0.66, respectively. Also shown are data of Baig, et al. [32].
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For Wi > 10, both sets of data show a precipitous drop which becomes even more
pronounced for Wi > 1,000 where power-law fits provide slopes of -0.73 for the melt and
-0.66 for the solution. Somewhere within Wi ∈ [10, 50], the concept of a disengagement
time begins to lose relevance; the longest timescale takes on more of a meaning in the
sense of a characteristic time for decorrelation of the molecules’ configurational states
due to the rotation and retraction cycles of the chains. In other words, it defines a
timescale over which the chain configurations decorrelate within the tumbling periods
that they experience. The NEMD and BD data essentially display the same qualitative
trends, but there is a quantitative difference between the two data sets as the melt
relaxation times are slightly but consistently shorter than those of the solution. The same
trend was noticed by Kim, et al. [30] , who argued that the bead-rod chain configurations
in dilute solution would decorrelate over a longer timescale since the tumbling cycles
would be more regular because the bead-rod chains do not experience topological
constraints due to either entanglements or excluded-volume interactions, as occur within
the dense liquid.
Figure 2.10 also displays the data for the longest relaxation time of Baig, et al. [32] for
the C400H802 melt. The results are qualitatively similar between their melt system and
ours; however, their relaxation times are consistently a factor of 1.7 less. If we had used
simply a stretched exponential of the form of Eq. (2.3) to fit our data, our relaxation times
would have been quantitatively very close to those of Baig et al. Therefore, it is our
interpretation that the lower values of these authors are due to the neglect of the rotational
timescale, as appearing in Eq. (2.1). It is apparent that there is some degree of coupling
between these two relaxation times (i.e., longest and rotational), and that these two
quantities describe different facets of the same configurational dynamics. We will
discuss this issue more thoroughly below.
The rotational timescale derived from Eq. (2.1) has been plotted versus Wi in Figure 2.11.
This timescale is essentially undefined for Wi < 50, and then becomes clearly discernible
in the autocorrelation curves, such as those in Fig. 2.9, for all greater values of Wi for the
melt and for Wi > 100 for the solution. These timescales are rather high at low Wi, with
values of several hundred nanoseconds, which are greater even than the equilibrium
disengagement time of 231 ns. Both the melt and the solution again exhibit power-law
behavior, but in this case the slopes are nearly identical; i.e., -0.78 and -0.80 for the melt
and solution, respectively. The rotational timescale of the melt is slightly higher than that
of the solution at intermediate Wi, although the results are within statistical error of each
other at low and high Wi. Similar behavior was observed by Kim, et al. [30] for a
C78H158 liquid. A higher rotational timescale implies that the rotation and retraction
period is longer, and hence it is to be expected that the entangled melt would exhibit
larger timescales than the unentangled solution. In the regime where the melt is
experiencing a high rate of entanglement destruction, therefore, its characteristic time is
higher than that of the solution because there remain a small but significant number of
constraining entanglements. However, once the entanglement network has been
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Figure 2.11. The rotational timescales for the atomistic (NEMD) and bead-rod (BD)
chain liquids as functions of Wi. For Wi > 1,000, the slopes of power-law fits are -0.78
and -0.80, respectively.
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completely destroyed, one might expect the two timescales to be quantitatively the same.
We will discuss this issue in more detail later on.
It is natural to wonder how the dynamics of the rotational cycles are affected by the
vorticity of the macroscopic flow field. This is a difficult question to address, however.
Figure 2.12 displays plots of the rotational frequency, defined as the reciprocal of the
rotational timescale described above. Also shown in this figure is the rotation rate of the
macroscopic velocity field, as quantified by half of the applied shear rate. Both the melt
and the solution exhibit rotational frequencies that are two orders of magnitude slower
than the rate of macroscopic rotation at all values of Wi. The slopes of the melt and
solution curves are 0.88 and 0.80, respectively, as compared to a unit slope of the
macroscopic rotation rate. Although it is most likely the macroscopic rotation of the fluid
that induces the diffusion of the chain ends, thus beginning their rotation/retraction
cycles, it is evident that the diffusive motion of the chain segments is not directly
influenced by the rotational timescale of the shear flow, although there is some
correlation between the two processes. Whatever the connection may be, there is strong
evidence that the melt and dilute solution experience the same mechanism, given the high
degree of quantitative similarity exhibited by their rotational timescales.
Figure 2.13 quantifies the differences between the longest and characteristic rotational
periods by examining their ratios of melt timescales over solution timescales. The point
to emphasize here is that both ratios are very close to unity, irrespective of the value of
Wi. There are some minor, discernible trends in the data, which were discussed above,
but for the most part, this plot displays clearly the similarity between the dynamics of the
atomistic macromolecule and the bead-rod chain.
The ratio of the rotational period to the longest timescale is displayed in Figure 2.14 for
both the melt and dilute solution. The ratio for the melt is higher than that of the solution,
but not significantly so in light of the multiplication of statistical uncertainty associated
with forming the ratios. The melt data is fairly scattered, but not over a wide range of
values; its trend, however, is clear in that this ratio decreases with increasing Wi. In the
zero-shear limit, the rotational timescale goes to infinity, whereas the longest relaxation
time assumes its equilibrium value of 231 ns. The data for the dilute solution is
qualitatively similar, although much more precise than that of the melt, presumably
because of the clearer, more periodic nature of the tumbling cycles when compared to the
melt. The decreasing trend indicates that the longest relaxation time decreases at a
slower rate than the rotational period, which could be due to the fact that the
configurational correlation quantified by the longest relaxation time persists to a greater
extent for chains undergoing the higher frequency rotational cycles at larger values of Wi,
where the rotational cycles displayed by the autocorrelation function of the unit end-toend vector are much more clearly defined.
Given the periodic rotational dynamics of the individual molecules comprising the
polyethylene melt, it is natural to wonder how this unexpected behavior affects the bulk39

Figure 2.12. Rotational timescales of the melt (NEMD) and dilute solution (BD) vs. Wi
compared to the macroscopic fluid rotation rate, as quantified by half the vorticity.
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Figure 2.13. The longest relaxation and rotational timescales are compared by taking
ratios of those of the melt with respect to those of the dilute solution.

Figure 2.14. Ratios of the rotational periods with respect to the longest relaxation times
for the melt (NEMD) and dilute solution (BD).
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average properties of the liquid. In general, there are several physical effects that take
place under imposition of conditions of high shear that occur simultaneously once a
critical value of Wi has been achieved. These are chain deformation, chain orientation,
and chain rotation/retraction. At low shear rates, only the chain orientation changes
dramatically, but once well within the nonlinear viscoelastic regime, the orientation of the
polymer chains remains relatively constant whereas the chain deformation and then
rotation play increasingly important roles in determining the bulk-average properties of
the liquid.
First we examine the topological characteristics of the dense C400H802 melt to provide
insight later into how rotational chain dynamics affect bulk-average fluid properties.
Figure 2.15 displays topological data for the dense liquid as obtained by applying the Z1
code to the data of the NEMD simulations. Figure 2.15(a) presents data for 〈𝑍𝑘 〉, which
we will refer to as the “number of entanglements per chain,” as a function of Wi. At low
Wi, the number of entanglements decreases very slowly as the chains deform mildly from
the random coil configurations they occupy at equilibrium. At Wi = 1, 〈𝑍𝑘 〉 = 9.5, which
is very close to the quiescent value of 9.91. As the shear rate enters the nonlinear
viscoelastic regime, the decrease in 〈𝑍𝑘 〉 becomes more significant due to the high degree
of strain stretching and aligning (see below) that occurs in this shear flow region. In
essence, as the chains stretch and orient in response to the flow field, entanglements are
destroyed in proportion to the elongational state of a given chain. Apparently, the
uncoiling process eliminates many of the entanglements, allowing the chains to glide by
each other more freely, ultimately resulting in a shear-thinning viscosity. This decrease
becomes very dramatic once inside the range where chain rotation and retraction begins
to occur at Wi ≈ 50. It thus appears that there is a critical value of 〈𝑍𝑘 〉 at which point the
system dynamics change from flow-aligning to rotational, which appears to be
approximately 5 and occurs at Wi ≈ 50. This value of Wi is consistent with that obtained
from the timescale analysis presented above. At very high shear rates, 〈𝑍𝑘 〉 levels out at
about 1.3 entanglements per chain, implying that the entanglement network within the
flowing liquid has essentially been completely destroyed. Furthermore, the distribution
of 〈𝑍𝑘 〉 values is extremely narrow around this value, indicating that practically all chains
are effectively completely disentangled. The same qualitative behavior for 〈𝑍𝑘 〉 was first
observed in shear flow by Kim, et al. [27] for C78H158 and later by Baig, et al. [32] for
C400H802.
Figure 2.15(b) is a plot of the average primitive path length versus Wi for the dense
liquid. For Wi < 1, 〈𝐿〉 increases slowly from its quiescent value of 209 Å as the chains
slowly begin to stretch out in response to the imposed shear field. The magnitude of this
response increases dramatically once Wi has entered into the nonlinear viscoelastic
regime of severe chain stretching, and then even more dramatically once Wi crosses over
into the rotational dynamics regime at Wi ≈ 50. This steep increase continues up to Wi ≈
1,000 as chain stretching and chain rotation begin to compete with each other to control
the overall average value of 〈𝐿〉: the chain elongation acts to increase 〈𝐿〉, whereas the
chain rotation tends to shrink it as the chains recoil and compress due to the elimination
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Figure 2.15. Plots of topological features (a) average number of entanglements per chain,
(b) average primitive path length, and (c) effective tube diameter versus Wi for the dense
liquid NEMD simulations calculated via two different formulae.
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of entanglements. Up to Wi ≈ 1,000, the dramatic increase in the chain elongation more
than offsets the slowly rotating dynamics of the individual chains; however, for Wi
greater than 1,000, the chain rotation occurs with sufficient frequency to enable it to
compete effectively with chain stretching for dominance of 〈𝐿〉. At very high Wi, the
chain rotation and retraction cycles are so fast and frequent that the rotational dynamics
dominate 〈𝐿〉, causing it to decrease substantially with Wi at high shear rates. As in the
case of 〈𝑍𝑘 〉, the same qualitative behavior for 〈𝐿〉 was first observed in shear flow by
Kim, et al. [27] for C78H158 and later by Baig, et al. [32] for C400H802.
The tube diameter is fairly constant within the linear viscoelastic regime, as depicted in
Fig. 2.15(c): it increases only slightly form its quiescent value of about 40 Å. Once into
the nonlinear viscoelastic regime, and ultimately into the rotational dynamics regime, it
increases dramatically as the number of entanglements is reduced due to chain stretching
and aligning. After the entanglement network has been completely destroyed at very
high Wi, the tube diameter plateaus at a value of about 240 Å since it cannot grow further
because 〈𝑍𝑘 〉 has attained its minimal value. (Using the definition of 𝑎 based on Eq.
(2.6), with 𝑍 = 〈𝐿〉2 ⁄𝑅 2.) At these high shear rates, the chains are rotating more or less
independently of the chains surrounding them. A similar behavior for 𝑎 was observed in
shear flow by Kim, et al. [27] for C78H158 and by Baig, et al. [32] for C400H802. The
diameter of the tube formed by surrounding stretched chains may somehow control the
size of the compressed coil required to initiate a flip in the end-to-end vector orientation,
but this is difficult to determine from the simulations; unfortunately, the average radius of
gyration is dominated by the stretched chains, making a quantitative analysis of chain
compression during the rotation and retraction cycle problematic.
The data for the tube diameter discussed above are based on Eq. (2.6) with 𝑍 = 〈𝐿〉2 ⁄𝑅 2,
which is strictly valid only for Gaussian statistics near equilibrium; i.e., 𝑎 = 〈𝑅 2 〉⁄〈𝐿〉.
Therefore, as Wi becomes significant, this expression probably becomes inaccurate. In
Fig. 2.15(c) we also present data for the tube diameter based on the formula 𝑎 =
〈𝐿〉⁄〈𝑍𝑘 〉, which is based solely on topological features of the chain liquid that should
remain valid at high Wi. As expected, the two quantities asymptote to the same value of
about 40 Å at equilibrium, but the latter definition of the tube diameter plateaus at a
lower value of roughly 200 Å. This is probably a better indicator of the variation of the
tube diameter with shear rate, although the concept of a reptation tube probably breaks
down once the entanglement number has been reduced to a sufficiently low value and the
exact value of this quantity becomes meaningless.
The ensemble average orientation angle of the end-to-end vector with respect to the flow
direction (in the flow-gradient plane) is displayed in Figure 2.16 as a function of Wi. In
the case of the dense liquid, the orientation angle drops precipitously from its zero-shear
limiting value of 45° in the linear viscoelastic regime, and then decays toward 0° as Wi
passes into the nonlinear viscoelastic regime where dramatic molecular stretching occurs.
It continues its rapid decrease once within the Wi range where chain rotation and
retraction begin to manifest in the system response to the shear field (50 < Wi < 500), and
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Figure 2.16. Orientation angle vs. Wi for the dense liquid (NEMD) and dilute solution
(BD).
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then saturates at a small, positive value of approximately zero as Wi grows larger than
1,000 into the regime where chain rotation dominates the liquid’s dynamical response.
As evident from Fig. 2.5(a), the rotating chain end-to-end vectors are almost always
pointed very close to the flow direction, even during the chain retraction phase, except for
very brief intervals in which the vector flips orientation by approximately 180°.
Consequently, at any instant most molecules are oriented in the same direction, and hence
it would be very difficult to find evidence of molecular rotation from measures of the
average orientation angle alone; i.e., the observed data actually tracks very well that
which would be expected from any typical rheological model exhibiting a flow-aligning
microstructure. Nevertheless, since the molecules remain aligned in the flow direction
for most of their rotational cycles, an opportunity is provided for tube formation as well
as entanglement slippage, provided the average molecular extension is high enough.
Also shown in Fig. 2.16 is the orientation angle of the chains in dilute solution, 𝜃, which
is based on the definition of the ensemble average of the unit end-to-end vector dyadic
product, 〈𝐮𝒊 𝐮𝒊 〉 and calculated according to the Eigenvector associated with its principal
direction. This angle also drops rapidly from the zero-shear limit of 45° as Wi increases,
approaching a high shear limit of 0°. Although qualitatively similar, the decrease in this
case is more rapid at intermediate shear rates than in the case of the melt since the dilute
solution is devoid of entanglements, allowing the chains to orient toward the flow
direction at lower Wi than the dense liquid. However, once the entanglement network
within the melt has been almost completely destroyed, both the dilute solution and the
dense liquid display the same high shear limiting value of the orientation angle.
The mean-square of the end-to-end vector, 〈𝑅 2 〉, of the dense liquid as a function of Wi is
displayed in Figure 2.17. At low values of Wi, it increases very slowly from its quiescent
value of 8482 Å2 within the linear regime, and then more rapidly once within the
nonlinear viscoelastic regime of Wi > 1. As the chains elongate, the number of
entanglements diminishes as well, allowing even further elongation with increasing Wi.
Once within the regime where rotational effects begin to compete with chain extension,
the dramatic rise in 〈𝑅 2 〉 begins to abate, ultimately plateauing off and then starting to
decrease at very high Wi. (This high shear-rate decrease is more obvious in the NEMD
simulations of C78H158 of Kim, et al. [29].) The maximum extension of the chains under
shear, roughly 65,000 Å2, occurs at about Wi = 10,000 and is well below the value of the
fully extended chain of 265,225 Å2, and is thus only 25% of the value of the completely
stretched molecule. The reason for this is now apparent: once the number of
entanglements has been reduced substantially, there is no barrier to rotational motion and
the chains spend much of their retraction cycles in configurations with much lower endto-end vector magnitudes, which reduces the average value of 〈𝑅 2 〉 substantially even
though the chains do occupy nearly fully extended configurations for a brief part of the
rotational periods.
Also displayed in Fig. 2.17 is the mean-square of end-to-end vector of the bead-rod chain
versus Wi as calculated from the BD simulations. As in the case of the dense
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Figure 2.17. Mean-square of the end-to-end vector versus Wi for the dense liquid
(NEMD) and dilute solution (BD).
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liquid, the bead-rod chain extends very slowly within the linear viscoelastic regime,
tracking very closely the value of 〈𝑅 2 〉 of the dense liquid. Once within the nonlinear
viscoelastic regime, however, it increases much more rapidly than 〈𝑅 2 〉 of the dense
liquid, which is due to the fact that the chain in dilute solution is completely free of
entanglements and is easily stretched, whereas the melt still contains a significant number
of entanglements per chain at these values of Wi. The 〈𝑅 2 〉 of the dilute solution
eventually attains a maximum at about 80,000 Å2 as the rotational dynamics begin to
counterbalance the configurational stretching effect, and then for higher Wi 〈𝑅 2 〉
continuously decreases. As the number of entanglements in the dense liquid decreases to
a negligible value, the 〈𝑅 2 〉 values of the bead-rod chain and the atomistic liquid once
again become comparable.
The probability distribution function of the magnitude of the end-to-end vector is
displayed in Figure 2.18(a) for a number of Wi. The exhibited behavior is very
intriguing, having first been identified for dense polyethylene melts in the case of C78H158
by Kim, et al. [29]. At equilibrium and within the linear viscoelastic regime, the
distribution is approximately Gaussian, as one would expect for a typical flow-aligning
polymeric liquid model. However, once within the nonlinear regime, the distribution
begins to widen toward the longer chains, and eventually a second peaks forms which
quantifies the probability of finding highly stretched macromolecules. At the same time,
the first peak shifts backward toward values even smaller than the quiescent value,
indicating that more compressed chain coils than are present at equilibrium.
Furthermore, the distribution is very spread out at high shear rates, overall, indicative of a
system of chains with a wide distribution of configurations. It has been recognized
before [29,30,32] that the first peak of the distribution is associated with the rotational
and compressional states of the rotating chains at the reorientation point (i.e., where the
end-to-end vector angle flips), whereas the second peak is determined by the highly
stretched configurations of the chains at the apex of their cycles. The rather wide spread
of the distribution at high Wi renders average measures of extension and orientation, such
as 〈𝑅 2 〉 of Fig. 2.17, practically meaningless.
Figure 2.18(b) shows the probability distributions at the same values of Wi as presented
in Fig. 2.18(a). The observed behavior is remarkably similar at all values of Wi, with the
possible exception of Wi = 100, where the distribution is significantly more spread out for
the bead-rod chain system than for the melt. We believe that this is a result of the fact
that the bead-rod chain is completely free of entanglements, whereas the chains in the
dense liquid are still constrained by roughly 6 entanglements per chain (according to the
Z1 code), which significantly restrict their ability to elongate more substantially.

2.5

Conclusions

At first glance, the rotational dynamics observed in the dense liquid simulations were
quite unexpected given the number of perceived entanglements per chain in the
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Figure 2.18. Probability distribution of the magnitude of the end-to-end vector versus |𝐑|
for (a) the dense liquid and (b) the dilute solution at various values of Wi.
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equilibrium system, which was approximately 5. It is hard to imagine how a network of
chains with so many entanglements could exhibit the type of rotational motion described
above until one examines how the number of entanglements varies with increasing Wi.
As evident from Fig. 2.15(a), the number of entanglements decreases dramatically with
Wi, ultimately approaching a negligible value for very high Wi. The mechanism is now
clear: as the shear rate increases, the chains stretch and align in the flow direction, which
eliminates the majority of entanglements and provides effective tubes for molecular
recoil and rotation, similarly to the short-chain macromolecules of C78H158 examined by
Kim, et al. [29],Kim, et al. [30]. Furthermore, it is worth pointing out that the onset of
this behavior occurs at a fairly low Wi value, somewhere between 10 and 50 for the
C400H802 melt, well within the range of process operations. As the flow strength
increases, these individual chain rotation/retraction cycles increase in frequency as the
number of entanglements declines. At equilibrium and low values of Wi within the linear
and weakly nonlinear viscoelastic regime, reptation theory appears to work well for
describing the dynamical features of the rheological behavior of the melt, which is
generally the flow-aligning behavior one would expect from most rheological theories.
However, as Wi obtains a value between 10 and 50, the constituent molecules begin to
experience rotation and retraction cycles that compete with the average, flow-aligned
configurational state, and the net effect of this balance between the two physical
mechanisms is a region where the motion of a given molecule resembles fairly well those
of a single chain experiencing anisotropic diffusion within a tube formed by its
neighboring chains; such an idea was developed into a mesoscale model by Kim, et al.
[31], as described in Sec. 2.2. At very high Wi (> 1,000), the motion of the chains
becomes essentially that of a single chain in dilute solution experiencing isotropic drag
from the surrounding solvent molecules. Hence the analogy between dilute solutions of
macromolecules in a theta solvent and dense polymer melts at equilibrium again becomes
relevant at high strain rates. Overall, for the C400H802 liquid under investigation, we
conclude that there are essentially three regions of flow behavior: a reptative region for
Wi ∈ [0, 10], a region of anisotropic segmental diffusion for Wi ∈ [50, 1,000], and a third
region of behavior resembling that of a dilute solution at higher Wi.
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CHAPTER THREE

STEADY SHEARING FLOW OF A MODERATELY ENTANGLED
POLYETHYLENE LIQUID

This chapter is based on the published paper:
Nafar Sefiddashti, M. H.; Edwards, B. J.; Khomami, B., Steady shearing flow of a
moderately entangled polyethylene liquid. J. Rheol. 2016, 60 (6), 1227-1244.

3.1

Introduction

The description and modeling of entangled polymer dynamics under fast flows has been a
challenge for rheologists over the past four decades. de Gennes [1] described the motion
of a linear chain molecule as a snake-like diffusion of the chain through an effective tube
formed by the surrounding molecules. Building on this foundation, Reptation Theory was
formulated by Doi and Edwards [26] based on the picture drawn by de Gennes in an
attempt to describe the polymer dynamics at equilibrium and under flow. Although the
theory was successful in predicting equilibrium and flow properties at low deformation
rates, it performed poorly at intermediate and high strain rates.
Tube-based theories with increasing levels of sophistication were formulated in the
subsequent three decades to incorporate additional phenomena, such as segmental
stretching, contour length fluctuations, and convective constraint release [5].
Nevertheless, despite the improvement in predicting the rheological and microstructural
responses of complex liquids under flow in the linear and weakly nonlinear viscoelastic
regimes, the tube theory still diverged from experiment at high strain rates. The most
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fundamental reason for the eventual failure of reptation theory at high strain rate was
basically that all relevant physical processes had not been incorporated self-consistently
into the mathematical constitutive equations that were presumed to describe the rapid
fluid responses to these high frequency stimuli.
Understanding the physical processes that actually occur at a wide range of timescales
requires observation of the motion of individual molecules, as well as their constituent
atomic segments, under flow; however, direct visualization of a sufficiently large number
of molecules in experiment remains unattainable. Atomistic simulation via nonequilibrium molecular dynamics (NEMD) thus offers a viable alternative to experiment
wherein the dynamics of individual macromolecules can be tracked independently, thus
allowing for relevant calculations of their single-chain configurational properties as well
as the individual chain contributions to bulk-average properties, such as the stress and
birefringence tensors. Furthermore, molecular simulations allow for observations of
strictly monodisperse, linear-chain systems that can be compared directly with theory,
which is rarely possible in experimentation using real liquids.
Entangled polymer solutions and melts exhibit unusual rheological behavior, especially at
shear rates higher than 𝜏𝑑−1, the reciprocal of the disengagement timescale that quantifies
a characteristic time required for a typical chain to escape from its original tube.
Figure 3.1 shows the qualitative prediction of the reptation theory [26,80] for the steadystate shear stress as a function of shear rate. At low shear rates (𝑊𝑊 < 1: 𝑊𝑊 ≡ 𝜏𝑑 𝛾̇ ; 𝛾̇ is
the shear rate) the system behaves similarly to a Newtonian fluid with a constant
viscosity, 𝜂0 . The shear stress increases linearly with shear rate in this region (𝛾̇ < 𝜏𝑑−1 )
in agreement with experimental data. The theory predicts that the viscosity, 𝜂, decreases
as 𝜂 ≃ 𝜂0 γ̇ −3⁄2 in the region 𝜏𝑑−1 < 𝛾̇ < 𝜏𝑅−1, where 𝜏𝑅 is the Rouse timescale, and hence
the shear stress, 𝜎𝑥𝑥 = 𝜂𝛾̇ , has a local maximum at 𝑊𝑊 = 1 (𝛾̇ = 𝜏𝑑−1 ). According to the
(0)
(0)
prediction of Doi and Edwards [81], 𝜎𝑥𝑥 ⁄𝐺𝑁 = 0.45 at 𝛾̇ = 𝜏𝑑−1 , where 𝐺𝑁 is the
plateau modulus. After passing the maximum point, the shear stress decreases as 𝛾̇ −1⁄2,
which implies that flow is unstable within the region 𝜏𝑑−1 < 𝛾̇ < 𝜏𝑅−1.
Experimentally, the maximum (at 𝛾̇ = 𝜏𝑑−1 ) and the minimum (at 𝛾̇ = 𝜏𝑅−1 ) are not
observed in the 𝜎𝑥𝑥 vs. 𝛾̇ plot; instead 𝜎𝑥𝑥 either remains constant within the range
𝜏𝑑−1 < 𝛾̇ < 𝜏𝑅−1 (a plateau region) or else increases slightly. At 𝛾̇ > 𝜏𝑅−1 , the shear stress
increases commensurately with shear rate due to the effects of dynamical phenomena
characterized by shorter timescales. The value of the shear rate corresponding to the
upper boundary of the plateau region is still not well understood, but it is possibly related
to the entanglement time, τ𝑒 , on which a chain experiences confinement effects from the
surrounding macromolecules; i.e., 𝛾̇ = 𝜏𝑒−1 .

Doi and Edwards [26,81] originally argued that the lack of an observed maximum and
minimum in experimental data could be due to the fact that real polymeric liquids are
composed of a broad spectrum of chain lengths, resulting in a wide spectrum of the linear
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relaxation moduli that washes out the decreasing trend between 𝜏𝑑−1 and 𝜏𝑅−1 .
Furthermore, it was argued that the wide spectrum of relaxation times of even
monodisperse samples could dampen the shear-rate dependence of the stress profile.
Alternative suggestions were also presented, such as the possibility of the formation of a
fluid interface between a low shear-rate spatial region and a high shear-rate region, such
that the shear stress remains nearly constant over a wide range of 𝛾̇ (𝜏𝑑−1 < 𝛾̇ < 𝜏𝑅−1)
[80,82].

Several refinements of the tube model were introduced in attempts to improve its
description of macromolecular liquid rheology, especially at high deformation rates.
Marrucci and Grizzuti proposed a more detailed version of the Doi-Edwards theory
(DEMG), which incorporated “tube stretch” into the initial model by allowing the tubes
to stretch to lengths beyond their average equilibrium value due to the deformation of the
flow field [83-85]. However, this refinement did not alleviate the non-monotonic
behavior of 𝜎𝑥𝑥 vs. 𝛾̇ and the ultimate behavior of DEMG was similar to that of DoiEdwards; i.e., it predicted a maximum at 𝜎𝑥𝑥 followed by a region in which 𝜎𝑥𝑥 ∼ 𝛾̇ −½.
This apparent lack of success in explaining the shear-stress profile was due to the fact
that the chain stretching only became significant when 𝛾̇ ≈ 𝜏𝑅−1, whereas the negative
slope in the 𝜎𝑥𝑥 profile occurs within the range 𝜏𝑑−1 < 𝛾̇ < 𝜏𝑅−1 . It was later argued that
the negative slope was due to excessive orientation of the tube segments rather than their
extension; i.e., significant chain orientation with respect to the flow direction begins to
develop at much lower shear rates, well before the chains begin to stretch significantly.
Both Doi-Edwards and DEMG predict that tube segments become highly oriented at
moderate shear rates, causing an excessive decrease in friction and a commensurate
decrease in viscosity and shear stress [6].

𝜎𝑥𝑥
(0)

𝜎𝑥𝑥 ⁄𝐺𝑁

𝜏𝑑−1

𝜏𝑅−1 𝜏𝑒−1

𝛾̇

Figure 3.1. Doi and Edwards theory prediction of the steady-state shear stress as a
function of shear rate. The negative slope between 𝛾̇ = 𝜏𝑑−1 and 𝛾 = 𝜏𝑅−1 implies
instability in the flow.
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Later, Marrucci [7] suggested the concept of entanglement relaxation and formulated the
mechanism of “convective constraint release” (CCR) in the tube model [8]. CCR is a
relaxation mechanism that occurs when the flow characteristic time is faster than the
reptation time of the chain molecules; i.e. γ̇ > 𝜏𝑑−1 . These fast flows can cause some of
the constraints (or entanglements) to release, thereby allowing the chains to relax faster
(as compared to quiescent conditions in which chains relax purely by reptation) and on a
timescale that depends on the flow strength.
Mead, et al. [6] believed that constraint release was the key to the problem of excessive
shear thinning in the DE and DEMG theories. They incorporated CCR into the DEMG
model and demonstrated that the shear stress remains nearly constant over a wide range
of shear rates from roughly γ̇ ≈ 𝜏𝑑−1 to γ̇ ≈ 10𝜏𝑅−1 . Consequently, the applicable range
becomes wider as the number of entanglements increases since, according to theory,
𝜏𝑑
�𝜏𝑅 ≈ 𝑍, where 𝑍 is the number of theoretical entanglements per chain. However, the
shear stress was not strictly constant in this region but decreased slightly within the range
(0)
5𝜏𝑑−1 < 𝛾̇ < 0.5𝜏𝑅−1 . They also showed that 𝜎𝑥𝑥 ⁄𝐺𝑁 = 0.615 in the plateau region,
which is higher than the prediction of Doi-Edwards but still lower than the experimental
value (0.85) reported by Jary, et al. [82] for a moderately entangled semi-dilute DNA
solution (with 𝑍 values ranging up to 22) and the value reported (0.66) by McLeish and
Ball [80]. They also examined the effects of shear flow on the orientation angle and the
chain stretch (defined as the contour length of the primitive path normalized by its
equilibrium value). The orientation angle initially decreased rapidly with shear rate, but
much more slowly at high shear rates. The stretch remained almost constant at unity for
γ̇ < 𝜏𝑅−1 but then began to increase quickly up to a value of 1.7 at γ̇ = 10𝜏𝑅−1. They
concluded that CCR introduces a new relaxation mechanism within the shear-rate range
of 𝜏𝑑−1 < 𝛾̇ < 𝜏𝑅−1 where the dominant relaxation mechanism is constraint release. For
highly entangled molecules (𝜏𝑑 ⁄𝜏𝑅 ≫ 1), this region is very broad and chain stretching
can be ignored over much of the region.
Masubuchi, et al. [16] originally proposed a Brownian slip-link model in order to
simulate entangled polymeric liquids, and Dambal, et al. [48] later studied the shear flow
of entangled polymers using this type of slip-link simulation that incorporated constraint
release events by including a dynamic process of creation and destruction of
entanglement nodes. These slip-link computations displayed a stress plateau region for
shear rates approximately between 𝜏𝑑−1 and 𝜏𝑅−1 , which agreed well with the available
experimental data. These simulations thus revealed that inclusion of constraint release
events played an important role in the emergence of the plateau region and concomitant
mitigation of the drop in stress, as predicted by DE theory.
Recent atomistic simulations of unentangled [30] and mildly entangled [86] polyethylene
melts showed that individual chains experience retraction and rotation cycles within
oriented tube-like structures formed by highly stretched surrounding chain molecules at
large strain rates. The onset of chain rotation was attributed to the flow-induced
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disentanglement of polymer chains that occurs at high shear rates in steady shearing flow
[86]. The characteristic timescale associated with this phenomenon (a characteristic
rotational relaxation time) exhibited a shear-thinning behavior and was observed to be 510 times the longest relaxation time of the system at the same shear rate [86]. This
important physical phenomenon, which has not been considered before in any reptationbased modeling, could possibly help to explain the disagreement between model
predictions and experiments at high deformation rates. Consequently, it is one of the
principal subjects of investigation discussed in the present article.

3.2

Simulation Methodology

Equilibrium and non-equilibrium molecular dynamics simulations of a monodisperse
linear C700H1402 melt were performed in the NVT ensemble at a constant density of 0.766
g/cm3 (corresponding to a pressure of 1 atm) and constant temperature of 450 K. The
rectangular simulation box contained 276 chains, subject to periodic boundary conditions
on all sides of the cell. The simulation box dimensions were 421 Å along the x (flow)
direction and 118 Å along the y (gradient) and z (neutral) directions. The box dimension
in the x direction was considerably larger than the y and z dimensions to ensure minimal
system size effects at high shear rates were chains orient and stretch in the direction of
flow. As discussed in Sec. 3.3.1, simulation under quiescent conditions revealed that the
root-mean-square of the chain end-to-end vector and radius of gyration were 〈𝑅〉½
𝑒𝑒 =
½
123.5 Å and 〈𝑅𝑔 〉𝑒𝑒 = 49.8 Å, respectively, with a theoretical maximum chain extension
(all bonds in trans configurations, all bond lengths and angles at equilibrium values) of
|𝐑|max = 902.8 Å. Consequently, the box dimensions are approximately 50% of the
maximum chain extension in the flow direction and roughly equal to the average chain
extension in the y and z directions. These relative values are consistent with the chosen
box dimensions of the C400H802 liquid examined in previous simulation studies [32,86].
The Siepmann-Karaboni-Smit (SKS) united-atom potential model [62] was employed in
this work. This is the same as the potential model employed in many other prior
simulation studies [27-32,51,58,63,64,86] to represent energetic interactions between
either -CH3 for the end-groups of the chains or -CH2- groups for interior carbons along
the chain. (Please refer to one of the cited references for a detailed discussion of the SKS
model equations and parameters.)
The SLLOD equations of motion were used to perform the NEMD simulations, which
were maintained at a constant temperature of 450 K using a Nosé-Hoover thermostat
[23,24,65-69,87]. The set of evolution equations for the particle positions and momenta
were implemented within the Large-scale Atomic/Molecular Massively Parallel
Simulator (LAMMPS) environment. Boundary conditions were periodic at all box
surfaces with a deforming simulation cell in the x direction. The equations were
integrated using the reversible Reference System Propagator Algorithm (r-RESPA)
[86,88]. A wide range of Weissenberg numbers (𝑊𝑊 ≡ 𝜏𝑑 𝛾̇ ) was examined over the
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interval [0; 0.1, 10,000], corresponding to the equilibrium system and shear rates within
the range 8.3×104 s−1 ≤ 𝛾̇ ≤ 8.3×109 s−1.

The topological analysis was performed using the Z1 code developed by Kröger [71],
which reduces atomistic configurations to a primitive path network in which the chains
are not allowed to pass through each other as the algorithm simultaneously minimizes the
contour length of each polymer molecule [72]. This method uses geometrical methods
rather than dynamical algorithms to minimize the contour lengths of primitive paths in
the most computationally efficient manner. The code further defines positions of kinks
along the 3-dimensional primitive path of each chain, which are assumed to be roughly
proportional to the number of entanglements per chain. Results of the code can be used to
interpret other important reptative parameters, such as the effective tube diameter and
entanglement strand length. The Z1 method has been compared with other topological
analysis techniques by Shanbhag and Kröger [73].

3.3

Results and Discussion

3.3.1 Quiescent Properties
Equilibrium properties of the system can be estimated using reptation theory.
Accordingly, the Rouse and disengagement timescales are governed by the expressions
[26]
𝜏𝑅 =

ξ𝑁 2 𝑏 2
,
3𝜋 2 𝑘𝐵 𝑇

1 𝜉𝑁 3 𝑏 4
𝜏𝑑 = 2
.
𝜋 𝑘𝐵 𝑇 𝑎2

(3.1)
(3.2)

In these equations, 𝜉 is the friction coefficient of the beads, 𝑁 is the number of beads per
chain (which for long chains is equal to the number of Kuhn segments), 𝑏 is
the Kuhn length, 𝑘𝐵 is the Boltzmann constant, and 𝑇 is the absolute temperature. 𝑎 is the
step length of the primitive path (or the tube diameter), which is related to the average
primitive chain contour length, 〈𝐿〉, and the average number of entanglements per chain,
𝑍:
𝑍=

〈𝐿〉 𝑁𝑏 2
= 2 .
𝑎
𝑎

(3.3)

From Eqs. (3.1)-(3.3), the ratio 𝜏𝑑 ⁄𝜏𝑅 = 3𝑍. The Kuhn length can be approximated as
𝑏 = 〈𝑅 2 〉⁄|𝐑|𝑚𝑚𝑚 , where |𝐑|max is the fully extended chain end-to-end distance (902.8
Å). 〈𝑅 2 〉 is the ensemble average of the squared chain end-to-end distance; this quantity
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was determined directly from the simulation results as 15,260 Å2 . The value of the Kuhn
length is accordingly 16.9 Å, and the number of Kuhn segments is therefore 𝑁 =
〈𝑅 2 〉⁄𝑏 2 = 53.41 ≈ 53. These values are very consistent with those reported for the
C400H802 melt at the same values of pressure and temperature.

Entanglement network properties of the simulated C700H1402 liquid can be calculated
using the Z1 code. The primitive chain contour length was determined to be 363.2 Å s,
and the average number of entanglements per chain was given by 𝑍 = 〈𝐿〉2 ⁄𝑅 2 = 8.6,
where we have defined 𝑅 2 ≡ 𝑁𝑏 2 . Hence the tube diameter is 42 Å according to Eq.
(3.3). These quantities may also be calculated using the entanglement molecular
weight, 𝑀𝑒 . Fetters, et al. [76] reported 𝑀𝑒 = 1150 g/mol for polyethylene at 443 𝐾.
Using this value, the number of entanglements can be approximated as 𝑍 = 𝑀⁄𝑀𝑒 = 8.5
and the tube diameter turns out to be (𝑅 2 ⁄𝑍)1/2 = 42 Å. These values agree very well
with the values calculated using the Z1 code.
The friction coefficient is proportional to the reciprocal of the chain center-of-mass
diffusion coefficient, 𝐷𝐺 . According to reptation theory, 𝐷𝐺 is governed by the expression
𝑘𝐵 𝑇 𝑎2
𝐷𝐺 =
.
3𝑁 2 𝜉𝑏 2

(3.4)

This quantity can be directly calculated from the simulation results by finding the slope
of the chain center-of-mass mean-square displacement (MSD) versus time. According to
definition, 𝐷𝐺 is 1/6 of this slope at long times:
𝐷𝐺 = lim

𝑡→∞

1
〈(𝐑 𝐺 (𝑡 + 𝜏) − 𝐑 𝐺 (𝜏))2 〉,
6𝑡

where 𝐑 𝐺 (𝑡) is the position of the chain center of mass at time 𝑡.

(3.5)

𝐷𝐺 was estimated from the simulation data of the center-of-mass MSD versus time to be
3.223 × 10−12 m2 /s. Nafar Sefiddashti, et al. [86] calculated this quantity as 1.049 ×
10−11 m2/s for the C400H802 liquid. They also estimated the number of Kuhn segments of
this liquid to be approximately 31; therefore, the scaling exponent between the melts
composed of 400 and 700 carbon units turns out to be –2.2, which is fairly close to the
experimental value. The DE prediction for this scaling exponent is –2 (see Eq. (3.4)), but
experiments generally indicate that this quantity scales more accurately using an
exponent of –2.3 because of contour length fluctuations (CLF) [26,89]. This implies that
C700H1402 can reasonably be assumed to lie within the entangled regime and that the MD
simulations capture well the CLF phenomenon.
Substituting 𝜉 from Eq. (3.4) into Eq. (3.2), 𝜏𝑑 can be expressed as a function of 𝐷𝐺 :
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1 𝑅2
𝜏𝑑 = 2
.
3𝜋 𝐷𝐺

(3.6)

The theoretical value of the disengagement time (i.e., according to the equations of
reptation theory after 𝐷𝐺 has been estimated from the simulations) is therefore calculated
as 1599 ns. According to reptation theory, 𝜏𝑑 scales as 𝑁 3 under quiescent conditions.
For C400H802, 𝑁 = 31, so given the value of 273 ns for the reptation time of the C400H802
liquid [86], one can estimate 𝜏𝑑 = 273(53/31)3 = 1364 ns for C700H1402 chains. Hence
the cubic power scaling predicted by reptation theory does not agree well with the
simulation results.
Experiments generally suggest that the disengagement time scaling exponent should be
roughly 3.4 [5,26,36]. This discrepancy between theory and experiments is generally
believed to be caused by secondary relaxation processes other than reptation [36].
Specifically, it has been shown that adding contour length fluctuations (i.e., the natural
stretching and contraction of the chain along its contour within the tube) to the classical
reptation model leads to the prediction of the 3.4 exponent for the zero-shear viscosity
and disengagement time [90,91]. Eq. (3.6) expresses 𝜏𝑑 based on the center-of-mass
diffusion coefficient. Therefore, if experimental (or simulated) values of 𝐷𝐺 were used in
order to calculate 𝜏𝑑 using Eq. (3.6), the resulting value would scale as 𝑁 3.3 . This can be
shown via a simple analogy: note that 𝐷𝐺 ~𝑅 2 /𝜏𝑑 = (𝑁𝑏 2 )/𝜏𝑑 , or equivalently
𝜏𝑑 ~ 𝑁𝑏 2 ⁄𝐷𝐺 , and hence 𝜏𝑑 scales as 𝑁⁄𝑁 −2.3 = 𝑁 3.3 if CLF is taken into consideration,
which is very close to the exponent value cited above arising from experiment. For
C400H802, 𝑁 = 31, so given the value of 273 ns for the reptation time of the C400H802
liquid [86], one can estimate 𝜏𝑑 = 273(53/31)3.3 = 1602 ns for C700H1402 chain liquid
which agrees very well with the value calculated above from the MD simulations using
Eq. (3.6).
The theoretical value of the Rouse time may be calculated using either Eq. (3.1) or
𝜏𝑑 ⁄𝜏𝑅 = 3𝑍 as 61.5 ns. The Rouse time scales as 𝑁 2 according to Eq. (3.1). Hence, the
theoretical value of the Rouse time based on C400H802 value is 𝜏𝑅 = 18(53/31)2 = 52.6
ns, where 𝜏𝑅 of the C400H802 liquid is 18 ns [86]. Since 𝑍~𝑁, similarly to the analysis
above based on CLF, 𝜏𝑅 should scale as 𝑁 2.3; therefore, relative to C400H802, 𝜏𝑅 =
18(53/31)2.3 = 61.8 ns for C700H1402, which agrees very well with the simulated value
calculated using 𝐷𝐺 .
Another important characteristic timescale is the entanglement time which denotes the
onset of the effects of the tube constraints on chain segmental motion. The entanglement
time is governed by the reptation-based equation
𝜏𝑒 =

𝜋 𝑅2
,
36 𝐷𝐺 𝑍 3
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(3.7)

and is calculated as 6.4 ns. This is reasonably close to the value reported for the C400H802
liquid (5.1 ns) [86]; this is to be expected because the entanglement time and tube
diameter are not functions of the chain length for long chains. The tube diameter for
C400H802 was reported to be 40.6 Å [86], which is fairly close to the value of 𝑎 = 42 Å
calculated presently for C700H1402. Theoretically, the tube diameter is directly
proportional to the root-mean-square end-to-end distance of the polymer [26]:
1/2
4 𝑀𝑒
𝑎=�
𝑁𝑏 2 � .
5𝑀

(3.8)

Since 𝑀𝑒 and 𝑏 are not functions of the polymer molecular weight (which scales as 𝑁),
the tube diameter scales as 𝑁 0 .

The characteristic times stated above were obtained based on standard reptation theory;
however, it has already been noted that some important physical phenomena occurring
within the system, such as contour length fluctuations and constraint release, are missing
in the standard theory. Therefore, it is constructive to calculate the characteristic times
directly from the simulation results instead of using solely the theoretical equations to
estimate their values from the center-of-mass MSD vs. time data. This can be done by
segmental mean-square displacement analysis of the system under equilibrium
conditions. The segmental mean-square displacement is defined as 𝜑(𝑡) = 〈�𝐫𝑛 (𝑡 + 𝜏) −
2

𝐫𝑛 (𝜏)� 〉 [26], where 𝐫𝑛 is the position vector of the 𝑛-th monomer (i.e., the n-th -CH2unit). In order to minimize chain-end effects in these calculations, only 350 monomers in
the middle of the chains were included.
There are four different regimes for the motion of chain segments based
on reptation theory. For times shorter than the entanglement time, chain segments do not
feel the tube constraints and chains behave as Rouse chains in free space. The segmental
MSD scales as 𝑡 ½ in this region, as shown by Doi and Edwards [26]. For 𝜏𝑒 ≤ 𝑡 ≤ 𝜏𝑅 ,
overall chain diffusion is affected by the Rouse-like diffusive motion and the tube
constraints. It has been shown that 𝜑 scales as 𝑡 ¼ in this region. For 𝜏𝑅 ≤ 𝑡 ≤ 𝜏𝑑 , there is
no Rouse-like diffusional effect and 𝜑 scales as 𝑡 ½ . For longer times, 𝑡 > 𝜏𝑑 , the
governing mechanism is reptation and 𝜑 scales as 𝑡1 . Therefore there are four
characteristic slopes (or three characteristic breaks) in a log-log plot of segmental MSD
versus time that can be used to estimate the various relaxation times. The first break at
short times represents the entanglement time, the intermediate break provides an
estimation of the Rouse time, and the third break represents the disengagement
or reptation time.

Figure 3.2(a) displays the segmental MSD at very short times. The entanglement time, 𝜏𝑒 ,
is estimated as 2.5 ns at the point where the slope changes from 0.42 to 0.34. Although
this is shorter than the theoretical value, it agrees very well with the value of 2.6 ns
obtained for C400H802 using the same method. Given the comparable size of the tube
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Figure 3.2. Short (a) and long (b) timescale segmental mean-square displacement versus
time of the centermost chain atomic units.
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diameter for each liquid (i.e., 40.6 Å for C400H802 and 42 Å for C700H1402), it is reasonable
to expect that 𝜏𝑒 should be independent of chain length, as consistent with the scaling
behavior of the quantities appearing in Eq. (3.7). The segmental MSD for longer times is
shown in Fig. 3.2(b). The Rouse and disengagement times are estimated to be 68 ns and
1382 ns according to the points where the slope of the curve changes discontinuously.
Note that the values of all slopes in Figs. 3.2(a) and 3.2(b) are consistent with those of the
C400H802 liquid [86].
Another method to estimate the various relaxation times of the C700H1402 liquid is to use
the autocorrelation function of the chain end-to-end unit vector, defined as 〈𝐮𝑖 (𝜏) ∙
𝐮𝑖 (𝜏 + 𝑡)〉 where 𝐮𝑖 = 𝐑 𝑖 ⁄|𝐑 𝑖 | is the end-to-end unit vector of the i-th chain. A sum of
three simple exponential functions can be fitted to the autocorrelation data generated by
the simulation and three characteristic times can then be extracted from the fit. It was
hypothesized by Nafar Sefiddashti, et al. [86] that these times correspond to the actual
physical processes of the system as described by reptation theory. This sum of three
exponential functions fits very well to the simulation data, as demonstrated for C400H802
in Fig. 3.1 of Nafar Sefiddashti, et al. [86]. In this way, the entanglement, Rouse, and
disengagement times were calculated according to the 3-exponential fit as 4.3ns, 66 ns,
and 1216 ns, respectively. These are in good agreement with the values obtained from
both the theory and MSD plots of Fig. 3.2, which demonstrate that this method can be a
reasonable alternative for estimating the relaxation times in molecular simulations. It
should be noted that fitting exponential functions to the autocorrelation data is the
standard method for estimating the longest relaxation time (disengagement time in this
case) and hence, 𝜏𝑑 = 1216 ns is the best estimation of the disengagement time for this
system, at least from the perspective of prior simulation work.

Table 3.1 summarizes the results of calculations of the various relaxation times using all
three methods. Except for the MSD value of 𝜏𝑒 , results of all methods are within roughly
15% of each other, which implies that this liquid can be described fairly well by
standard reptation theory under quiescent conditions. As noted above, the value of 𝜏𝑑
calculated based on Eq. (3.6) scales as the power 3.3, which is very close to the
experimental scaling; however, the 3-exponential estimation of 𝜏𝑑 scales as 𝑁 3.1 . This
discrepancy can be partially due to the error of the curve fitting procedure used to
estimate the decorrelation time. Furthermore, this scaling exponent (3.1) was based on
Table 3.1. The three relaxation times calculated according to reptation theory, segmental
mean-square displacement (MSD) data, and from the autocorrelation function of the unit
end-to-end vector, 𝐮𝒊 , using a three-term series of exponential functions. Numbers in
parentheses are the corresponding values for the C400H802 liquid.
Relaxation time
𝜏𝑒 (ns)
𝜏𝑅 (ns)
𝜏𝑑 (ns)

Theory

MSD

6.4 (5.1)
61.6 (18)
1599 (273)

2.5 (2.6)
68 (20)
1382 (279)
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3-exponential

4.3 (2.4)
66 (28)
1216 (231)

only two data points (for C700H1402 and C400H802) and is thus subject to substantial error.
3.3.2 Steady Shear Flow Properties
3.3.2.1 Rheological Properties
The simulation results for the steady-state shear stress, 𝜎𝑥𝑥 , and shear viscosity, 𝜂 ≡
𝜎𝑥𝑥 ⁄𝛾̇ , are displayed as functions of 𝑊𝑊 in Figure 3.3 for the C700H1402 fluid. This figure
also shows the results for C400H802 melt from previous work for comparison. In the limit
of 𝑊𝑊 → 0, the zero-shear viscosity, 𝜂0 , is 1008 cP. The shear stress is normalized by the
(0)
(0)
plateau modulus, 𝐺𝑁 , which is calculated using 𝐺𝑁 = (12⁄𝜋 2 )(𝜂0 ⁄𝜏𝑑 ) [26] as 1.006
MPa. Three different regions in each plot, shear stress and viscosity, can be readily
recognized, as expected from experimental data and rheological models of entangled
polymers. The first region is a constant viscosity region with a characteristic Newtonian
plateau viscosity (1008 cP) for 𝑊𝑊 < 1. The shear stress increases as 𝑊𝑊 0.88 in this
region, which is reasonably close to a linear growth. From previous work [86], the zeroshear viscosity of the C400H802 was found to be approximately 150 cP at 𝑊𝑊 = 1; Baig, et
al. [32] estimated the zero-shear viscosity as about 160 cP. The scaling exponent with
respect to the number of Kuhn segments can then be calculated as 3.4, which matches the
commonly accepted experimental value.
The second region is the stress plateau which begins at 𝑊𝑊 ≈ 1 and extends to 𝑊𝑊 ≈
500 (𝛾̇ ≈ 𝜏𝑒−1 ). The shear stress remains nearly constant in this region and viscosity
scales as 𝑊𝑊 −0.88 , which is close to the linear shear thinning predicted by theory. The
(0)
ratio 𝜎𝑥𝑥 ⁄𝐺𝑁 is approximately 1.01 ± 0.11, which is about 2.2 and 1.6 times the
theoretical values calculated by Doi and Edwards [26] and Mead, et al. [6], respectively.
The experimental value of 0.85 ± 0.1, reported for a series of entangled semi-dilute
solutions of T4 DNA [82], is also considerably higher than the theoretical values
mentioned in Sec. 3.1; i.e., 0.45 of Doi-Edwards, 0.66 of McLeish and Ball [80], and
0.615 of Mead, et al. [6]. The arrows in Fig. 3.3(a) show the Wi numbers at which the
shear rate is equal to 𝜏𝑅−1 (𝑊𝑊 ≈ 20) and 𝜏𝑒−1 (𝑊𝑊 ≈ 500) for the C700H1402 liquid.
Corresponding arrows are also displayed for the C400H802 liquid. (Note that 𝛾̇ = 𝜏𝑑−1
corresponds to 𝑊𝑊 = 1 in each case.) It is interesting that the value of the shear rate at the
upper boundary of the plateau region for both the C400H802 and C700H1402 liquids
approximates 𝜏𝑒−1, as suggested by Cates, et al. [92]; however, for the C400H802 liquid, the
plateau region is barely noticeable and basically classifies as an inflection point in the
profile.
The third region is the fast flow region where chain stretch is generally believed to be the
dominant mechanism. In this region, the shear stress grows monotonically again, and
therefore the viscosity has a sub-linear thinning behavior. The shear stress increases as
𝑊𝑖 0.41 and viscosity thins as 𝑊𝑊 −0.59. The theoretical power-law exponent for the shear
stress is 0.5 in models including convective constraint release and chain stretch [5].
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Figure 3.3. Shear stress normalized with plateau modulus (a) and shear viscosity (b)
versus 𝑊𝑊 for the C700H1402 and C400H802 liquids. Arrows show 𝑊𝑊 numbers
corresponding to 𝛾̇ = 𝜏𝑅−1 and 𝛾̇ = 𝜏𝑒−1 for each liquid. Note that 𝛾̇ = 𝜏𝑑−1 corresponds to
𝑊𝑊 = 1 for both fluids. 𝑊𝑊 for each liquid was calculated using its distinct value of 𝜏𝑑 , as
reported in column 4 of Table 3.1.
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The first and second normal stresses, defined respectively as 𝑁1 = 𝜎𝑥𝑥 − 𝜎𝑦𝑦 and
𝑁2 = 𝜎𝑦𝑦 − 𝜎𝑧𝑧 , are presented in Figure 3.4(a). The behavior of 𝑁1 is in qualitative
agreement with the predictions of Mead, et al. [6]. The ratio 𝑁1 ⁄𝜎𝑥𝑥 = 7.2 over the range
15 < Wi < 150, which is comparable to the theoretical value of 5.44 [6]. Figures 3.4(b)
and 3.4(c) display the first normal stress coefficient, 𝛹1 = 𝑁1 ⁄𝛾̇ 2, and the second normal
stress coefficient, 𝛹2 = 𝑁2 ⁄𝛾̇ 2 , as functions of 𝑊𝑊. Both coefficients show a strong
shear-thinning behavior with power-law exponents –1.65 and –1.8 for 𝛹1 and −𝛹2 . The
ratio −𝛹2 /𝛹1 ranges over 0.06 < −𝛹2 /𝛹1 < 0.2 within the region 1.5 < Wi < 10,000, as
shown in Fig. 3.4(d); this is in general agreement with experimental values that typically
range from 0.01 to 0.3 [34]. Both normal stress differences exhibit a mild plateau region
in the same shear-rate range as the shear stress.
3.3.2.2 Structural and Topological Properties
Figure 3.5 displays the probability distribution function of the magnitude of the chain
end-to-end vector (normalized by the fully extended chain end-to-end distance) and the
mean-square end-to-end distance, 〈𝑅 2 〉, of chains as functions of 𝑊𝑊 where 〈… 〉 denotes
an ensemble average over all chain configurations. The distribution is Gaussian at
equilibrium and remains approximately so for 𝑊𝑊 < 1.5 (linear viscoelastic regime), with
a peak centered at the average value of the normalized end-to-end distance of the chains,
0.137 �〈𝑅 2 〉1/2 = 123.5 Å�. As 𝑊𝑊 increases, the distribution deviates from Gaussian
behavior and the peak shifts to higher values of |𝐑|. The dashed line in Fig. 3.5(a) marks
the position of the peak under quiescent conditions. It is evident that the position of the
peaks at 𝑊𝑊 = 1.5 and 𝑊𝑊 = 15 have been shifted toward higher values of |𝐑| and the
distribution has considerably widened at 𝑊𝑊 = 15, which is due to the onset of
significant chain orientation and stretching outside of the linear viscoelastic regime. At
higher shear rates (𝑊𝑊 ≥ 50), a new peak emerges at values of |𝐑| that are smaller than
the equilibrium value. This behavior was observed previously for shorter untangled and
mildly entangled polyethylene liquids and dilute polymer solutions [29-31,86]; it was
attributed to chain rotation at high flow strengths. As 𝑊𝑊 increases beyond a value of 50,
the distribution continually broadens as more chains are experiencing significant
stretching and orientation in the flow direction. Once these chains approach their full
extension (i.e., the magnitude of the end-to-end vector is larger than 80% of |𝐑|max ), a
“stretch” peak is observed at the highest values of 𝑊𝑊.

According to previous work [29-31,86], the stretched chains effectively form elongated
tubes in which other chains may move relatively freely; within these tubes, chains
experience the vorticity of the flow field and behave like chains comprising dilute and
semi-dilute solutions; i.e., they rotate naturally in hairpin-type structures in which the
chain ends diffuse inward along the chain backbone, passing by each other very closely
as the chain recoils and then flips. At the moment of inversion, the chain radius of
gyration is very tight and the chain’s coil is very compact. The flip in the orientation of
the chain ends occurs very quickly, and then the chain ends diffuse outward along the
backbone until the macromolecule regains its fully stretched configuration. This chain
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Figure 3.4. Normal stress differences normalized with plateau modulus (a), first normal
stress coefficient (b), second normal stress coefficient (c), and the ratio of normal stress
coefficients (d). Error bars are smaller than the size of the symbols when not explicitly
shown.
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Figure 3.5. Probability distribution of the normalized magnitude of the end-to-end vector
versus |𝐑|/|𝐑|max at various values of 𝑊𝑊 (a) and the mean-square of the end-to-end
vector and 6 times the radius of gyration versus 𝑊𝑊 (b).

66

then becomes part of the elongated tube network and another chain initiates a rotation.
The overall rotational cycle is relatively slow, as described in the next subsection,
compared to the overall chain stretching relaxation timescale. As a consequence, a new
peak, or “rotation peak,” appears at values of |𝐑| that are significantly smaller than the
quiescent value since the chain ends pass each other very closely as they diffuse
backward along their backbones. The relatively slow diffusive motion of the chain ends is
responsible for the very broad shape of the distribution, which would otherwise be
essentially bimodal with distinct rotation and stretch peaks.
Figure 3.5(b) shows the mean-square end-to-end distance of the macromolecules at
different 𝑊𝑊 numbers. Four regions are observed in the figure. The first region for
𝑊𝑊 < 1 corresponds to the linear viscoelastic regime where the shear stress is linear with
shear rate and the viscosity is constant. Over this range of 𝑊𝑊, chain stretch is
insignificant whereas the chain end-to-end vectors (as discussed alongside Figure 3.6) are
entering into the initial stage of orienting toward the flow direction. The second region
lies within the range 1 < 𝑊𝑊 ≤ 20. In this regime, the end-to-end distance increases
mildly. This increase is due mostly to the effect of chain orientation, and cannot be fully
understood without examining the effect of shear on the individual chain segments (see
Fig. 3.6 and Figure 3.7 below). The third region, 20 < 𝑊𝑊 < 500, exhibits a dramatic
increase in the extension of the end-to-end vector of the macromolecules. It is worth
noting that the curve has an inflection point at about 𝑊𝑊 ≈ 20. This is possibly important
because it is very close to the 𝑊𝑊 where 𝛾̇ = 𝜏𝑅−1 ; i.e., the shear rate value at which
segmental stretching becomes noticeable—see Fig. 3.7 below. It is also fairly close to the
𝑊𝑊 where chain rotations begin to appear, as discussed later. The fourth region covers
very high shear rates beginning at about 𝑊𝑊 ≈ 500. The slope of the curve decreases in
this shear regime and the end-to-end distance moves toward a plateau region at very high
𝑊𝑊 numbers as the chains approach maximum extension and the stretch peak observed in
Fig. 3.5(a) develops. Note that the shear rate value 𝜏𝑒−1 occurs at about the onset of the
third region, 𝑊𝑊 ≈ 500, however, given the fact that the tube-like network that existed
under quiescent conditions has effectively been disrupted or possibly even destroyed at
such a high shear strength, it is not clear if 𝜏𝑒 retains any physical relevance—see further
discussion below.
The radius of gyration of the chains, 𝑅𝑔 , follows very closely the behavior of the end-toend vector, as evident from Fig. 3.5(b). Its ensemble average, 〈𝑅𝑔2 〉1/2, has the value 49.8
Å under quiescent conditions. Thus, the ratio 〈𝑅 2 〉�〈𝑅𝑔2 〉 = 6.14, which is very close to
the expected value of 6 for long Gaussian chains at low values of 𝑊𝑊. As the shear rate
increases, 〈6𝑅𝑔2 〉 matches 〈𝑅 2 〉 fairly closely within the intermediate 𝑊𝑊 range, although
its value continually decreases relative to 〈𝑅 2 〉 as the chains begin to uncoil appreciably;
this is intuitively expected since the chain extension affects the magnitude of the end-toend vector to a greater degree than the radius of gyration, which is defined relative to the
chains’ centers of mass. As evident in Fig. 3.5(a), within this range, the distribution is no
longer even approximately Gaussian, and consequently there is no reason to expect that
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Figure 3.6. Ensemble average chain orientation angle with respect to the flow direction
versus 𝑊𝑊.

Figure 3.7. Kuhn segment stretch versus 𝑊𝑊.
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the ratio of 6 would remain valid. In the highest 𝑊𝑊 regime, 〈6𝑅𝑔2 〉 is significantly less
than 〈𝑅 2 〉 because of the high degree of extension of a significant fraction of the chains,
resulting in relatively high values for 〈𝑅 2 〉, whereas at the same time there is a substantial
fraction of the chains which are undergoing rotation/retraction cycles that tend to lower
〈6𝑅𝑔2 〉 disproportionately to 〈𝑅 2 〉.

The orientation angle of the chains is defined as the angle between the principal
eigenvector of the order parameter tensor, S, and the flow direction. This tensor is
calculated according to the formula 𝐒 = 〈3𝐮𝒊 𝐮𝒊 − 𝐈〉/2, where 𝐮𝒊 is the unit end-to-end
vector of the i-th chain and I is identity tensor. Figure 3.6 displays the ensemble average
orientation angle, 〈𝜃〉, with respect to the x (flow) direction as a function of 𝑊𝑊. It is
evident that a very mild degree of chain alignment begins to develop at small deformation
rates within the linear viscoelastic regime. The orientation angle decreases precipitously
from its zero-shear limiting value of 45° to about 20° at 𝑊𝑊 = 1.5; however, although
the orientation angle changes dramatically within the linear viscoelastic regime, the
overall distribution of individual chain orientation angles has not changed appreciably
from the quiescent conditions. This implies that the macromolecules are starting to show
signs of alignment at shear rates lower than 𝜏𝑑−1 , but this is not accompanied or induced
by significant chain stretching (see Fig. 3.5(b)). The orientation angle continues its steep
decrease in the range where significant chain alignment with respect to the flow direction
occurs; i.e., 𝜏𝑑−1 < 𝛾̇ < 𝜏𝑅−1. At shear rates approaching 𝜏𝑅−1 (Wi ≈ 20), the chains are
almost fully aligned in the flow direction, plateauing asymptotically to zero at about
𝛾̇ ≈ 𝜏𝑒−1.

These results suggest that chain alignment is an important relaxation mechanism which is
effective in a wide range of flow strengths from shear rates of about 𝜏𝑑−1 up to around
𝜏𝑅−1 , at which point its effect becomes saturated as the chains fully align in the flow
direction. It should be noted that the present description of the shear-rate dependence of
the orientation angle is slightly stronger when compared to predictions of the model
presented by Mead, et al. [6] (i.e., the DEMG model supplemented with convective
constraint release—see Figure 10(a) of Mead et al.), resulting in a faster decent to a highshear plateau orientation in the present results. Indeed, the rapid descent of the orientation
angle of the current work is more reminiscent of the chain orientation in the Doi-Edwards
and DEMG models, which is believed to be responsible for the catastrophic shear
thinning and negative slope of the 𝜎𝑥𝑥 vs. 𝛾̇ profiles in those models [6,48]. This is
counterintuitive since the present simulations seem to support the notion of convective
constraint release; however, as demonstrated later, it is rather the destruction of the
entanglement network that results from convective constraint release that leads to a
breakdown of the reptation hypothesis at high shear rates that ultimately signals the
precipitous drop in the orientation angle, rather than simply CCR per se.
Chain stretch is an important property of the system that can be examined in a number of
ways. Here we define a segmental chain stretch coefficient that is calculated as 𝜆𝐾 =
〈|𝐑 𝐾 |〉⁄〈�𝐑𝑒𝑒
𝐾 �〉, where 〈|𝐑 𝐾 |〉 is the ensemble-average Kuhn segment end-to-end distance
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at a given value of 𝑊𝑊 and 〈�𝐑 𝐾 �〉 is the value under equilibrium conditions. In
determining this quantity, we assumed that a Kuhn segment under shear flow consists of
the same number of monomeric units as when the fluid is at equilibrium (≈ 13).

Figure 3.7 displays 𝜆𝐾 as a function of 𝑊𝑊, indicating that there is virtually no segmental
stretching within the linear viscoelastic regime; i.e., when 𝑊𝑊 < 1. Within the range
1 < 𝑊𝑊 < 20, there is a slight increase in the segmental stretch, but this appears to be
primarily due to segmental orientation, as discussed below. The onset of significant
segmental stretching occurs at 𝑊𝑊 ≈ 20, at which point the shear rate is roughly 𝜏𝑅−1 . For
higher shear rates (𝑊𝑊 > 20), a region of intense segmental chain stretching is observed
wherein the extension of the Kuhn segments increases dramatically with 𝑊𝑊. As evident,
𝜆𝐾 indicates an approximately 15% extension of the individual chain segments at the
highest 𝑊𝑊 simulated herein. The simulations reveal that practically all of this segmental
stretching is caused by the individual atomistic segment constituents assuming trans
configurations along the chain backbone.
The orientation of the Kuhn segments is essentially isotropic under equilibrium
conditions. The average orientation angle of the segments is undefined under quiescent
conditions since the orientation of the individual chain segments is random. At 𝑊𝑊 = 0.1,
the simulations indicate that the orientation of the segments is still isotropic, and hence
the average orientation angle of the Kuhn segments remains undefined. For 𝑊𝑊 ≥ 1,
however, the average segmental orientation angle assumes values that are roughly
equivalent to those of the end-to-end vector, as presented in Fig. 3.6. Whereas the endto-end vector is the linear sum of the individual segment vectors, this is not surprising. As
such, the overall mild degree of chain stretching exhibited by the end-to-end vector
within the range 1 < 𝑊𝑊 < 20 (displayed in Fig. 3.5(b)) is primarily associated with the
orientation of the chain segments. In other words, as the chain segments orient with
respect to the flow direction, there is a natural extension of the end-to-end vector, which
is the cumulative sum of the individual segmental vectors; i.e., this mild degree of overall
chain extension is more of a consequence of the increased degree of segmental alignment
rather than configurational changes in the segments per se.
To summarize thus far, the structural changes observed in Figs. 3.5- 3.7 that occur within
the polyethylene melt under shear flow can be categorized in terms of chain alignment
and stretching as manifesting four regimes of behavior. The first regime is the linear
viscoelastic region when 𝑊𝑊 ≤ 1. There is only a small degree of overall chain alignment
in this region and no appreciable chain stretching is observed. The segmental alignment
seems to be the driving force behind the rapid reduction in the average orientation angle
of the end-to-end vector displayed in Fig. 3.6, although the distributions of the segmental
orientation angle (not shown) are very broad. The occurrence of segmental alignment
while the chain end-to-end distance remains nearly constant is somewhat
counterintuitive. This behavior seems to suggest that segmental alignment in the flow
direction begins to occur at very low 𝑊𝑊 but the relative segmental diffusive motion is
unable to overcome the entropic barrier to force a substantial change in the overall chain
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configuration. The timescale of the flow, 𝛾̇ −1 , is larger than the disengagement time, 𝜏𝑑 ,
within the linear viscoelastic regime, implying that the rate at which the fluid deforms in
response to the flow is slower than the time in which a molecule can diffuse through its
tube. This implies that a molecule has ample time under flow to rearrange its
conformation in response to the imposed shear field in order to maintain its configuration
in the most entropically favorable state, just as if there were no flow at all. As many
chains experience the same physical phenomenon (i.e., segmental orientation), the tube
network begins to orient with respect to the direction of flow and the end-to-end vectors
of the individual chains that compromise the tubes are naturally inclined toward the x
direction.
The second region lies within the range 1 < 𝑊𝑊 < 20. (Note that 𝑊𝑊 = 20 corresponds
approximately to 𝛾̇ = 𝜏𝑅−1 ; hence the range 1 < 𝑊𝑊 < 20 is approximately 𝜏𝑑−1 < 𝛾̇ <
𝜏𝑅−1 .) No significant chain or segmental stretching is observed is this region, although
there is a noticeable segmental and overall chain alignment. The average orientation
angles of the end-to-end vector and the Kuhn segments continue their rapid descent
towards their high-shear plateaus of roughly 1° to 2°. This appears to imply that the
increase in the chain end-to-end distance in this region is mainly due to chain alignment;
i.e., the chain angle distribution (not shown) narrows with increasing shear rate,
indicating that more chains are orienting in the direction of flow. The shear stress attains
a plateau value in this flow regime which cannot be fully explained simply by the
increasing degree of alignment of the constituent macromolecules. Rheological
characteristic functions exhibit shear-thinning behavior.
The third region is the 𝑊𝑊 regime when 𝜏𝑅−1 < 𝛾̇ < 𝜏𝑒−1 , approximately, corresponding to
20 < 𝑊𝑊 < 500. Polymer chains are nearly fully aligned in flow direction (Fig. 3.6) and
significant stretching due to flow is obvious both in the magnitude of the end-to-end
vector of Fig. 3.5(b) and the Kuhn segments of Fig. 3.7; apparently, the Kuhn segments
must be aligned approximately along the flow direction before the flow can exert enough
force to induce them to extend appreciably. The stresses within this shear-rate region
remain approximately constant (Fig. 3.3(a)), resulting in increased degrees of shearthinning of the viscosity and normal stress coefficients.
In the fourth region, 𝑊𝑊 > 500, the average orientation has saturated along the flow
direction and the average molecular extension approaches a plateau value, as evident in
Fig. 3.5(b). The shear stress increases dramatically with increasing shear rate for reasons
that will be discussed later, and the rheological characteristic functions continue to
exhibit shear-thinning behavior.
Chain alignment and stretching are both important in determining the shear stress in
system; however, other topological characteristics of the system are equally important,
such as the entanglement density, the tube diameter and orientation, the contour length of
the chains, etc. These topological features are generally affected by the mechanism of
convective constraint release, which is believed to be the dominant relaxation mechanism
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within the shear-stress plateau region. The mechanism of CCR is essentially that of the
loss of entanglements or topological constraints and commensurate vorticity excursions
due to flow.
The average number of kinks per chain, 〈𝑍𝑘 〉, as calculated using the Z1 code, is
displayed in Figure 3.8 as a function of 𝑊𝑊. (Note that 〈𝑍𝑘 〉 is typically about twice the
average number of entanglements per chain, 𝑍 [32,86].) Again, four regions can be
identified in this plot. In the first region, 𝑊𝑊 < 1, the average number of kinks does not
change appreciably and remains at approximately the equilibrium value of 17.4 (i.e., a
factor of 2 higher than the equilibrium value of 𝑍 ≈ 8.6). Since very little chain
orientation or stretching occurs in the linear viscoelastic regime, there is no reason to
expect any significant changes in the value of 〈𝑍𝑘 〉.
The second region is 1 < 𝑊𝑊 < 20 (𝜏𝑑−1 < 𝛾̇ < 𝜏𝑅−1), in which the macromolecules
increasingly align as the chain segments orient along the flow direction. As described
above, this segmental orientation induces a slight amount of overall chain extension,
which initiates the decline of 〈𝑍𝑘 〉 with shear rate.

At higher flow strengths, in the range 20 < 𝑊𝑊 < 500 (𝜏𝑅−1 < 𝛾̇ < 𝜏𝑒−1 ), the chain
segments are significantly stretched (see Fig. 3.7), resulting in the strong increase in the
overall chain extension evident in Fig. 3.5(b). The increase in the average chain extension
effectively “unravels” the entanglements, resulting in a strong decrease in the number of
kinks. As the number of entanglements declines, the chains experience greater diffusional
freedom and being to experience rotation/retraction cycles (to be described later). 〈𝑍𝑘 〉
exhibits a shear-thinning behavior with a power-law exponent of −0.23, implying that
CCR is an active relaxation mechanism within this range of shear rates. The rapid
decrease in the value of 〈𝑍𝑘 〉 provides a possible new rationale for the existence of the
plateau in the stress profile within the intermediate shear-rate range evident in Fig. 3.3(a):
as the entanglement network disintegrates, the stress on the system is substantially
reduced on account of the decrease in frictional resistance and the mitigation of elastic
tension in the network strands. Note that the power-law index of 〈𝑍𝑘 〉 within the
intermediate shear-rate region of the C400H802 liquid is −0.27, indicating that the rate of
destruction of the entanglement network is essentially independent of chain length—refer
to the inset of Fig. 3.8.
As 𝑊𝑊 increases to higher values, 𝑊𝑊 > 500 (𝛾̇ > 𝜏𝑒−1 ), the power-law exponent
decreases to −0.35 (−0.32 for C400H802), which implies that CCR is more intense than in
the lower 𝑊𝑊 regime. It should be noted that the melt possesses a small number of
entanglements at these high values of 𝑊𝑊, which causes the system to behave similarly to
unentangled polymeric liquids [86]. The individual chains experience semi-regular
rotation and retraction cycles that occur with increasing frequency as the shear rate
increases. Indeed, individual macromolecule dynamics in the 𝑊𝑊 range are very similar
to those of similar molecules in dilute solution, as discussed below. At 𝑊𝑊 = 10,000, the
entanglement network is essentially destroyed and the melt is effectively unentangled
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Figure 3.8. Average number of entanglements per chain for the C700H1402 and C400H802
liquids versus 𝑊𝑊. The inset shows the same data normalized with respect to the
equilibrium values, 〈𝑍𝑘 〉⁄〈𝑍𝑘 〉𝑒𝑒 .
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(〈𝑍𝑘 〉 = 2.7).

The inset in Fig. 3.8 displays the same data as described above but normalized with
respect to the quiescent value of the kink number; i.e., 〈𝑍𝑘 〉⁄〈𝑍𝑘 〉𝑒𝑒 . Data for both the
C400H802 and C700H1402 liquids superimpose. This clearly illustrates that the normalized
kink number is effectively independent of chain length, although 〈𝑍𝑘 〉 itself scales as 𝑁1
at equilibrium—see Eq. (3.3). It also serves to emphasize that the destruction of the
entanglement network is directly controlled by the flow kinematics rather than any
intrinsic configurational dynamics associated with the creation or destruction of
entanglement nodes.
Chain stretch in rheological models can be based on a tube stretch parameter, λ, which is
defined as the length (𝐿) of a tube that is occupied by a chain normalized by its
equilibrium value �𝐿𝑒𝑒 � [6]. Topological analysis of the system by the Z1 code allows
calculation of 〈𝐿〉 at various shear rates such that an ensemble-averaged value of 〈λ〉 ≡
〈𝐿〉⁄〈𝐿𝑒𝑒 〉 can be calculated as a function of 𝑊𝑊, as displayed as the circles in
Figure 3.9(a). The first noticeable point regarding 〈𝜆〉 is that it is not necessarily similar
to 𝜆𝐾 , which is shown in Fig. 3.7. It is also different from the theoretical predictions of
Mead, et al. [6] in the nonlinear viscoelastic regime. Specifically, it shows a weaker
functionality of 𝑊𝑊 and has a smaller value compared to the theoretical prediction for all
values of 𝑊𝑊 > 1. These results confirm that there is very little tube stretching within the
linear viscoelastic regime (𝑊𝑊 < 1), as expected; however, the tubes begin to stretch
slightly once the flow enters into the nonlinear viscoelastic regime and the chains begin
to align with respect to the direction of flow. 〈λ〉 increases slowly within the range
1 < 𝑊𝑊 < 20, which is in qualitative agreement with the behavior of Kuhn segment
orientation, as discussed before. Tube stretch increases quickly at higher shear rates until
it reaches a maximum at 𝑊𝑊 ≈ 1,000. This maximum at very high shear rates has been
observed previously for C400H802 and was hypothesized to be due to the competition of
two effects: the chain elongation that tends to increase the tube length and the chain
rotation that tends to decrease 〈𝐿〉 as the chains recoil and contract due to the elimination
of entanglements [86].
Another important topological property is the step length of the primitive path, which can
be viewed as an effective diameter of the tubes. It should be noted that the parameter 𝑎 is
in fact the step length of the primitive path, which is not generally equal to the tube
diameter, but DE theory assumes that these two quantities are equal at quiescent
conditions. Tube diameter at quiescent conditions can be approximated using the value of
the segmental mean-square displacement at 𝑡 = 𝜏𝑒 (see Fig. 3.2(a)), which is basically
the square of the tube radius [77]. Using the segmental analysis of the simulation results
at quiescent conditions, the tube diameter is approximated to be 38 Å, which is very close
to the primitive path step length. In our entanglement network analysis, we assume that
the primitive path step length can reasonably represent the behavior of tube diameter
even at nonequilibrium conditions. The circles in Fig. 3.9(b) indicate data points for the
tube diameter, calculated as 𝑎 = 〈𝐿〉⁄(〈𝑍𝑘 〉⁄2), as a function of 𝑊𝑊. The qualitative
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Figure 3.9. Tube stretch (a) and effective tube diameter (b) versus 𝑊𝑊 for both the
C400H802 and C700H1402 liquids.

75

features of this plot are very similar to those of the segmental stretch parameter, 𝜆𝐾 ,
presented in Fig. 3.7. In the linear viscoelastic regime, there is no effect of flow on
theeffective tube diameter; however, a clear increase in this quantity is observed in the
intermediate flow regime where the average number of kinks, 〈𝑍𝑘 〉, begins to exhibit a
power-law decline with increasing shear rate. As the constraints imposed by neighboring
chains are relieved, the molecular segments have more diffusive freedom and hence are
able to protrude through gaps in the tube wall (i.e., escape from the tube), thus effectively
increasing the tube diameter. At high values of 𝑊𝑊, the reduction in the number of kinks
becomes so severe that the tube diameter becomes an order of magnitude greater than its
quiescent value of 42 Å; however, at these high shear rates, the conceptual tube has
essentially been dissolved and the notion of reptation is no longer particularly relevant.
Instead, the diffusive motion of the segments appears to be very similar to those
comprising a dilute or semi-dilute solution, wherein the segmental motion is unperturbed
by surrounding constraints and thus free to diffuse according to the imposed kinematics
[86]. As such, the rheological properties and relevant dynamical timescales (the latter will
be discussed later) of the C700H1402 melt scale similarly to those of a dilute solution of
comparable macromolecules in the high 𝑊𝑊 regime. As an example, the viscosity powerlaw scaling with shear rate, ~𝛾̇ −0.59, is exactly the same as that observed by Aust, et al.
[59] in NEMD simulations of the intrinsic viscosity of a dilute polymer solution.
Plots of the corresponding data of 〈𝜆〉 and 𝑎 for C400H802 are presented alongside the
results for C700H1402 in Fig. 3.9 for comparison. The data for the tube stretching parameter
in Fig. 3.9(a) overlaps for both liquids up to the maximum value, which occurs at
𝑊𝑊 ≈ 1,000. This indicates that, relative to the equilibrium tube length, the extension of
the tubes is essentially independent of molecular weight over a wide range of 𝑊𝑊. The
effective tube diameter can be calculated in two ways, 𝑎 = 〈𝐿〉⁄(〈𝑍𝑘 〉⁄2) (using data
from Fig. 3.9(b)) and 𝑎 = 〈𝑅 2 〉⁄〈𝐿〉, as plotted in Fig. 3.9(b). Under quiescent conditions
(not shown in the plot), both methods produce the same result for each liquids, roughly
42 Å, which satisfies the Doi and Edwards [26] prediction that the effective tube diameter
should be independent of chain length. As reported by Nafar Sefiddashti, et al. [86] for
the C400H802 liquid, the value of 𝑎 calculated using the latter equation produces a larger
value than the former once 𝑊𝑊 is outside of the linear viscoelastic flow regime. These
authors argued that this discrepancy between the two forms of 𝑎 was due to the fact that
the latter equation, 𝑎 = 〈𝑅 2 〉⁄〈𝐿〉, was derived based on the assumption of Gaussian
statistics, which according to Fig. 3.5(a) is invalid outside of the linear viscoelastic
regime. Comparing the two liquids reveals that the expression 𝑎 = 〈𝑅 2 〉⁄〈𝐿〉 provides
values of the tube diameter that vary dramatically as a function of chain length for high
𝑊𝑊. On the other hand, application of the expression 𝑎 = 〈𝐿〉⁄(〈𝑍𝑘 〉⁄2) reveals that the
tube diameter remains effectively independent of chain length over the entire range of 𝑊𝑊
examined herein.
A careful examination of Fig. 3.3(a) reveals the possible presence of a weak local
minimum in the shear stress profile at 𝑊𝑊 ≈ 75 that is on the order of the statistical error;
however, clearly no definitive conclusion on this point can be reached. Whereas the
76

existence of a maximum in the shear stress profile would agree with the classical Doi and
Edwards reptation model, there is practically no experimental evidence to suggest that it
actually occurs in reality. In order to reconcile classical theory and experiment, it has
been suggested that the flow field could potentially split into two bands, one with a much
lower shear rate than the other, such that the overall shear stress remains nearly constant
[82]. Unfortunately, NEMD simulations are not capable of capturing shear banding
because of the form of the SLLOD equations of motion, which impose a homogeneous
linear velocity profile onto the particles across the simulation cell. (Note that recent work
using Dissipative Particle Dynamics simulations have shown how to overcome this issue,
albeit at a coarse-grained level of description [93,94].) Doi and Edwards [26], on the
other hand, argued that for samples with a broad molecular weight distribution, the
relaxation spectrum of the linear relaxation modulus broadens and the non-monotonic
behavior of 𝜎𝑥𝑥 disappears. Assuming this is a valid argument, we might expect that a
non-monotonic behavior of 𝜎𝑥𝑥 could possibly be observed in our simulations for this
strictly monodisperse system. They also argued that the broad relaxation spectrum of
monodisperse samples could weaken the shear rate dependence of 𝜎𝑥𝑥 , which is in
agreement with the weak minimum (or lack thereof) observed here. Nevertheless, the
negative slope in 𝜎𝑥𝑥 vs. 𝛾̇ curve is generally believed to be a result of the high degree of
chain orientation (relative to the flow direction) in this shear-rate range that is present in
the DE and DEMG models; this is commonly viewed as being unrealistic. However, the
simulation results presented here show a dramatic decrease in orientation angle for
1 < 𝑊𝑊 < 50 that is commensurate with that of the DE and DEMG models.
Consequently, the generally held belief that a high degree of chain orientation is
responsible for the negative slope of the stress profile can be called into question.
3.3.2.3 Chain Rotation and Characteristic Timescales
Under quiescent conditions, simulations of the C700H1402 liquid revealed three distinct
timescales, 𝜏𝑑 , 𝜏𝑅 , and 𝜏𝑒 , each associated with a characteristic configurational relaxation
mechanism; furthermore, each timescale could be either directly or indirectly related to
the mean-square displacement of the chain center of mass using reptation theory. These
equilibrium timescales were discussed extensively in Sec. 3.3.1. In the present
subsection, we focus on nonequilibrium systems undergoing steady shear and examine
the effects of varying shear strength upon these timescales and their underlying physical
relaxation modes. We begin the discussion by examining the motions of the individual
chains comprising the test fluid.
Figure 3.10(a) depicts the motion of a random chain as a function of time in terms of the
magnitude of the end-to-end vector (relative to the maximum chain extension) and its
orientation angle with respect to the flow direction at 𝑊𝑊 = 15, which is the lowest shear
rate at which we could observe definitive chain rotation within the C700H1402 liquid. As
evident from the figure, the chain experiences a quasi-periodic motion in which the endto-end vector is extended well beyond its equilibrium value (|𝐑|𝑒𝑒 ⁄|𝐑|max = 0.14)
during much of the quasi-cycle and significantly less than the equilibrium value for short
durations of time spaced at semi-periodic intervals. Meanwhile, the orientation angle of
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Figure 3.10. Normalized end-to-end vector and orientation angle vs. time for a random
chain at (a) Wi = 15, the lowest value of Wi where chain rotation was observed, and (b)
𝑊𝑊 = 500.
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the individual chain end-to-end vector flips by 180° each time the chain is compressed to
its minimal value, indicating that the chain ends are passing close by each other at the
nadir of the cycle. This behavior was observed previously in C78H158 and C400H802 liquids
[29-31,86]; these authors associated the peaks and valleys of the quasi-periodic
rotation/retraction cycles with the two peaks of the distribution function that are evident
in Fig. 3.5(a). On the whole, the chain maintains its extended configuration for the
majority of each quasi-period, with shorter durations of chain retraction where the chain
ends diffuse inward (with respect to the chain center of gravity) along the chain contour
and then bypass each other very quickly before diffusing outward again after inverting
the orientation angle of the end-to-end vector.
Figure 3.10(b) displays |𝐑|𝑒𝑒 ⁄|𝐑|max and 𝜃 of a random chain as functions of time at
𝑊𝑊 = 500. At this relatively high value of the shear rate, the rotations of the chain have
become much more periodic in character and the frequency of the rotation/retraction
cycles has increased dramatically from the previous case. The chain extension approaches
70% at the apex of the cycle and the chain ends practically graze each other as they pass
at the point of maximum compression, at which time the orientation angle invariably
appears to flip its sign. On a time-average basis, the chain orientation relative to the
imposed flow field is about 2°, matching the value reported in Fig. 3.6. Similar plots as
Figs. 3.10(a) and 3.10(b) of the radius of gyration of an individual chain (not shown)
exhibit the same qualitative behavior as the normalized magnitude of the end-to-end
vector, which further validates the conclusion of rotation and retraction cycles of
extended chains and highly compressed coils.
Figure 3.11 provides a visualization of the rotation/retraction motion of a random chain at
𝑊𝑊 = 500. A cycle begins with the chain extension at its maximum normalized
extension, |𝐑|𝑒𝑒 ⁄|𝐑|max ≈ 0.7. The chain ends curl under the chain as they experience
excursions induced by the vorticity of the shear field and then steadily diffuse backward
along the chain axis through a practically unconstrained tube free of entanglements and
of diameter much larger than under quiescent conditions. The chain assumes a paperclip
or hairpin configuration during this phase of the period. At the nadir of the cycle, the
chain has contracted into a tight configuration, within which the ends are much closer
together than they are at equilibrium. During this short timespan, the chain orientation
angle flips sign as the chain ends slide past each other and then the coil begins to unwrap
itself. During the final phase of the rotation/retraction cycle, the chain uncoils as its ends
diffuse back through the tube (in an unwinding motion), once again attaining its
maximum normalized extension at the apex of the cycle. This same qualitative behavior
was noticed before for unentangled polyethylene liquids (C78H158) [29-31] and very
mildly entangled polyethylene liquids (C400H802) [86]. Although depicted for only a
single random chain, the behavior of all molecules within the system is essentially the
same, providing a much richer dynamics to the flow response than could have been
imagined for this moderately entangled polymeric liquid.
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Figure 3.11. A time progression of configurations of a random chain of the C700H1402
liquid. In the figure, 𝜏 is the decorrelation time, 𝜏𝑑 , which for 𝑊𝑊 = 500 is about 150 ns.
Hence the end point, 𝑡 = 3.0𝜏 = 3.0𝜏𝑑 represents approximately half of the rotational
period represented by 𝜏𝑟𝑟𝑟 . An additional 3.0𝜏𝑑 would rotate the chain another 180° back
to approximately its original configuration at time 𝑡 = 0.
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For 𝑊𝑊 < 15, the decay of the autocorrelation function of the unit end-to-end vector,
〈𝐮𝑖 (𝜏) ∙ 𝐮𝑖 (𝜏 + 𝑡)〉, is strictly monotonic, asymptoting to the null value as 𝑡 → ∞; i.e., the
behavior is qualitatively similar to that shown in Fig. 1 of Nafar Sefiddashti, et al. [86]
for quiescent conditions. At 𝑊𝑊 ≈ 15 (𝛾̇ ≈ 𝜏𝑅−1 ), the behavior of the autocorrelation
function becomes non-monotonic, as apparent in Figure 3.12, where the correlation dips
to negative values and henceforth exhibits a damped periodic behavior that eventually
asymptotes to zero at long times. Comparing 𝑊𝑊 = 15 and 𝑊𝑊 = 500 in Figs. 3.12(a)
and 3.12(b), it is evident that the time duration of the period shrinks with increasing 𝑊𝑊
as does the length of time taken for the chain ends to decorrelate from each other. Hence
there appear to be at least two distinct timescales and associated relaxation modes that
govern the chain dynamics once outside of the linear viscoelastic flow regime.
Figure 3.12 includes fits to the simulation data obtained using the functional form [29]
〈𝐮𝑖 (𝜏) ∙ 𝐮𝑖 (𝜏 + 𝑡)〉 = 𝐴 exp(− 𝑡⁄𝜏𝑑𝑑𝑑 ) cos(2𝜋𝜋 ⁄𝜏𝑟𝑟𝑟 ),

(3.9)

where 𝐴 is an empirical constant. In this form, 𝜏𝑑𝑑𝑑 estimates the decorrelation time of
the autocorrelation function, which, for an entangled system, is equal to the
disengagement time and for unentangled systems is equal to the Rouse time. For the
C700H1402 liquid simulated in this study, the decorrelation time calculated according to Eq.
(3.9) appears to be the natural extension of the disengagement time, 𝜏𝑑 (which is welldefined within the linear viscoelastic regime) to higher 𝑊𝑊—see Figure 3.13 below.
Therefore, in what follows, we will continue to employ the symbol 𝜏𝑑 for this quantity
but refer to it as the “decorrelation time” for 𝑊𝑊 ≥ 15. The primary motivation for this
change of nomenclature is that for 𝛾̇ > 𝜏𝑒−1 (and possibly for 𝛾̇ > 𝜏𝑅−1 as well) the notion
of disengagement of the molecules from tubes created by mutual chain entanglements is
no longer relevant—recall the rapid decline in the value of 〈𝑍𝑘 〉 evident in Fig. 3.8. 𝜏𝑟𝑟𝑟
is an estimation of the chain rotation period that is associated with the rotational
characteristic timescale of the chains, 𝜏𝑟 ≡ 𝜏𝑟𝑟𝑟 ⁄2𝜋, which effectively quantifies the time
period required for the chain to affect a single rotation/retraction cycle. Given the quasiperiodic behavior exhibited by the autocorrelation function and its very rapid decay at
high 𝑊𝑊, it is difficult to determine within reasonable accuracy a third relevant timescale
hidden within the data. Nevertheless, we managed to obtain the natural extension of the
Rouse time, 𝜏𝑅 , to higher 𝑊𝑊 by fitting a double exponential function of similar form to
Eq. (3.9); however, one must be careful about reading too much into these values since
they are subject to significant error. It was virtually impossible to determine the natural
extension of 𝜏𝑒 to higher 𝑊𝑊 with any reasonable degree of accuracy; whether it changes
as the tube diameter increases with increasing 𝑊𝑊 is therefore an open question, although
intuitively one might not expect it to change significantly from its quiescent value (~ 2-6
ns).
Values for the various timescales as functions of 𝑊𝑊 are displayed in Fig. 3.13: the three
characteristic times 𝜏𝑑 , 𝜏𝑟𝑟𝑟 , and 𝜏𝑅 are plotted in Figs. 3.13(a) and 3.13(b) for the
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Figure 3.12. Autocorrelation function of the unit end-to-end vector vs. time at 𝑊𝑊 = 15
(a) and 𝑊𝑊 = 500 (b) and fits to the data provided by a simple exponential function with
an embedded cosine dependence. Solid lines represent simulation data and dashed lines
are fits derived from Eq. (3.9).
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Figure 3.13. The three characteristic times (𝜏𝑑 , 𝜏𝑅 , and 𝜏𝑟𝑟𝑟 ) of the linear chain liquids
C700H1402 (a) and C400H802 (b) versus 𝑊𝑊. The insets display the overlap between the
timescales 𝜏𝑑 and 𝜏𝑟 . Panel (c) depicts the ratio of the decorrelation and rotational times,
𝜏𝑟𝑟𝑟 ⁄𝜏𝑑 , for both liquids as functions of 𝑊𝑊. Panel (d) shows the ratio of the
𝑒𝑒
decorrelation time with respect to its quiescent value, 𝜏𝑑 ⁄𝜏𝑑 , as a function of 𝑊𝑊. Note
that the values at 𝑊𝑊 = 10−2 are the equilibrium values, which were assigned to this
arbitrary value of 𝑊𝑊 in order to include them on a semi-logarithmic graph.
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C700H1402 and C400H802 liquids, respectively. For 𝑊𝑊 > 1, the decorrelation time, 𝜏𝑑 ,
decays monotonically for both liquids: within the range 1 < 𝑊𝑊 < 500 (𝜏𝑑−1 < 𝛾̇ <
𝜏𝑒−1 ), 𝜏𝑑 scales roughly as 𝑊𝑊 −0.4 for the longer chain liquid and 𝑊𝑊 −0.6 for the shorter
chains, and for 𝑊𝑊 > 500 (𝛾̇ > 𝜏𝑒−1 ), it decays with a power-law index of −0.76 for
C700H1402 and −0.73 for C400H802, which is effectively independent of chain length.
Given the rapid disentangling of the fluids that occurs over this range of shear rates, it is
difficult to assign a definitive meaning to this relaxation time; in its essential essence, it is
the timescale over which the chain ends “forget” their original relative positions.
Whereas the conceptual reptation tubes are rapidly increasing in diameter as the number
of entanglement constraints decreases, it makes intuitive sense that the chains would
acquire a greater degree of segmental diffusional freedom, allowing them to alter their
internal configurations within a shorter period of time. As noted previously, 〈𝑍𝑘 〉 scales
approximately as 𝑊𝑊 −0.25 in the intermediate shear-rate region (1 < 𝑊𝑊 < 500) for
C700H1402 and C400H802. At the same time, 𝜏𝑑 ~𝑊𝑊 −0.4 for the longer chain fluid and
𝜏𝑑 ~𝑊𝑊 −0.6 for the shorter chain liquid, implying that the chains are able to escape the
confining constraints of their tubes at higher rates.

Within the high shear-rate regime (𝑊𝑊 > 500; 𝛾̇ > 𝜏𝑒−1 ), the timescale of the shear flow
has become smaller than 𝜏𝑒 , which, at least at equilibrium, is viewed as the timescale
over which the chains “feel” the confining effects of the surrounding tubes. This seems to
indicate that for 𝛾̇ > 𝜏𝑒−1 the molecules no longer feel their tubes (which have grown in
diameter according to Fig. 3.9(b)) because the chain segmental motion is strictly
governed by the flow and its associated timescale. Therefore, the chains experience
rotational cycles that scale commensurately with the flow vorticity frequency (as in Fig.
12 of Nafar Sefiddashti, et al. [86]) and closely resemble the dynamical response of
analogous chains in dilute solution. It is thus reasonable that for high shear rates, the
scaling behavior of 𝜏𝑑 ~𝑊𝑊 −0.75 should be independent of chain length.

The rotational period, 𝜏𝑟𝑟𝑟 , also displays a declining power-law behavior once it begins to
manifest at 𝑊𝑊 values greater than 10. The power-law index for the C700H1402 liquid is
−0.75 and that for the C400H802 melt is −0.78. In each case, these values are statistically
identical to the power-law indices of the decorrelation times. This suggests that some
intrinsic relaxation mechanism is dictating a correlation between the two timescales. To
examine this more carefully, the ratio 𝜏𝑟𝑟𝑟 ⁄𝜏𝑑 is plotted versus 𝑊𝑊 in Fig. 3.13(c). It is
apparent from the graph that this ratio decreases from a value of about 10 at low 𝑊𝑊 to a
plateau of roughly 6.3 ± 1.0 (the average value over all 𝑊𝑊) for C700H1402 and 5.6 ± 0.8
for C400H802 at high 𝑊𝑊. Indeed, by plotting the rotational timescale, 𝜏𝑟 ≡ 𝜏𝑟𝑟𝑟 ⁄2𝜋,
alongside of 𝜏𝑑 versus 𝑊𝑊, it becomes apparent that the two values are practically
identical at high 𝑊𝑊—see the insets of Figs. 3.13(a) and 3.13(b). This observation serves
to suggest that at high 𝑊𝑊, these two relaxation mechanisms reduce to a single one. At
relatively low 𝑊𝑊, 𝜏𝑑 is significantly smaller than 𝜏𝑟 ; this implies that the chains have
ample time to reconfigure (i.e., decorrelate) before they undergo a complete
rotation/retraction cycle. However, at higher values of 𝑊𝑊, the chain rotation periods
become small enough such that the rotations occur sufficiently fast to dictate the rate at
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which the chains can reconfigure. Hence 𝜏𝑑 ≈ 𝜏𝑟 and only a single relaxation mode
manifests at high values of 𝑊𝑊.

Although the continuation of the Rouse time to high values of 𝑊𝑊 is subject to large
error, the double-exponential version of Eq. (3.9) can provide semi-quantitative
information regarding this timescale, as observed in Figs. 3.13(a) and 3.13(b). For both
liquids, 𝜏𝑅 rapidly diminishes with increasing 𝑊𝑊 outside of the linear viscoelastic
regime. Indeed, by 𝑊𝑊 ≈ 100, it has fallen below the equilibrium value of the
entanglement time, 𝜏𝑒 , and has effectively been lost from the system’s dynamical
response. Hence the Rouse relaxation mechanism has essentially become bound with that
of the decorrelation time, which ultimately is dominated by the rotational cycles of the
chains.
Another interesting phenomenon appearing in the simulated liquids can be gleaned from
inspection of Fig. 3.13(d), which is a graph of the normalized (relative to the equilibrium
𝑒𝑒
value) decorrelation time, 𝜏𝑑 ⁄𝜏𝑑 for the C400H802 and C700H1402 fluids. In this plot, the
𝑒𝑒
quiescent system values �𝜏𝑑 ⁄𝜏𝑑 = 1� are placed on the plot at position 𝑊𝑊 = 10−2 in
order to include equilibrium data on the semi-logarithmic graph. For both liquids, the
disengagement time within the linear viscoelastic regime actually increases above its
quiescent value, obtaining a maximum at 𝑊𝑊 ≈ 1 which is followed by the steep
decreases in 𝜏𝑑 evident in Figs. 3.13(a) and 3.13(b). This behavior is very unexpected and
counterintuitive. The initial impulse is to ascribe this observation to statistical error in the
simulated data; however, the error in the data points of Fig. 3.13(d) is approximately the
same size as the symbols. Another possible explanation for this observation is that the
increasing trend of 𝜏𝑑 is an artifact of the manner in which the autocorrelation function
〈𝐮𝑖 (𝜏) ∙ 𝐮𝑖 (𝜏 + 𝑡)〉 was calculated. We chose to use the unit end-to-end vector of each
chain, 𝐮𝒊 , in the ensemble and time averages rather than the unnormalized end-to-end
vector because it weights each chain equally, whereas 𝐑 𝑖 weights highly extended chains
much more heavily than shorter ones; however, within the linear viscoelastic regime,
calculation of the autocorrelation function 〈𝐑 𝑖 (𝜏) ∙ 𝐑 𝑖 (𝜏 + 𝑡)〉 revealed essentially the
same value of 𝜏𝑑 as 〈𝐮𝑖 (𝜏) ∙ 𝐮𝑖 (𝜏 + 𝑡)〉. The reason for this is clear: within the linear
viscoelastic regime, the chains effectively remain unextended, as observed in Fig. 3.5(b).
Consequently, all chains are weighted equally regardless of whether 𝐮𝑖 or 𝐑 𝑖 is used in
the calculation of the correlation function. At high 𝑊𝑊, there can be a measurable
discrepancy between the values of 𝜏𝑑 resulting from the two forms of the autocorrelation,
but this difference actually turns out to be very slight, which is probably a result of the
very wide distribution of chain extension exhibited in Fig. 3.5(a).
In summary, the increasing trend of 𝜏𝑑 within the linear viscoelastic regime does not
appear to be a result of either statistical error or the choice of the autocorrelation function
employed in the calculations. Nevertheless, its origin remains unclear. For 𝑊𝑊 < 1, one
would expect that 𝜏𝑑 can still be viewed as the disengagement time required for a chain
to escape from its initial tube. If the data were to be believed, however, this would
suggest that it becomes harder for the chains to diffuse through their effective tubes as the
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flow rate is increased. If this phenomenon were to be believed, it could possibly be
explained by the increasing degree of alignment of the chains, which could effectively
result in somewhat “stiffer” macromolecules with a longer average decorrelation time.

3.4

Conclusions

The rheological and dynamical responses of a C700H1402 polyethylene melt were
examined extensively using large-scale NEMD simulations. A complete picture emerged
of the rich dynamical and topological behavior of moderately entangled liquids composed
of chain-like macromolecules. Under quiescent conditions, the liquid dynamics are
described well by the reptation theory of Doi and Edwards and its refinements. Under
imposition of a steady shearing flow, the behavior of these monodisperse linear chains
can be classified roughly according to four shear-rate regimes; namely, 𝛾̇ < 𝜏𝑑−1 ,
𝜏𝑑−1 < 𝛾̇ < 𝜏𝑅−1, 𝜏𝑅−1 < 𝛾̇ < 𝜏𝑒−1, and 𝛾̇ > 𝜏𝑒−1 . Several key properties of the fluid, each
scaled with respect to its value at equilibrium, are presented in Figure 3.14 in support of
this conclusion.
In the linear viscoelastic regime (𝛾̇ < 𝜏𝑑−1 ), Doi-Edwards theory remains effective in
describing the dynamical and structural responses of the system to shear. Since the
timescale of the flow, 𝛾̇ −1, is larger than the disengagement time of the chains, 𝜏𝑑 , the
macromolecules have ample time to rearrange their internal configurations in response to
the flow field, allowing them to maintain the same structural and topological properties as
under quiescent conditions. Very little chain alignment or stretching is evident, and the
number of entanglements per chain and effective tube diameter remain constant as well.
The rheological characteristic functions assume constant values and the shear stress
increases monotonically with shear rate.
Within the shear-rate range 𝜏𝑑−1 < 𝛾̇ < 𝜏𝑅−1, the primary relaxation mechanism is that of
segmental orientation, which commensurately affects both the overall chain alignment
and extension. The orientation angle of the average end-to-end vector declines
dramatically in this shear-rate regime as the chains align themselves with respect to the
imposed flow field. Although there is a slight degree of overall chain extension, this is
primarily caused by the segmental orientation, not by any stretching of the constituent
chain segments; it does, however, begin the process of unraveling chain entanglements
and the onset of vorticity excursions as the molecules begin to stretch out and orient with
respect to the flow. Furthermore, a plateau develops within this shear-rate regime in the
shear-stress profile that appears to be caused by the reduced friction from chain
alignment without a significant elastic configurational stress manifesting due to the very
low degree of chain stretching.
As the shear rate enters into the third range, 𝜏𝑅−1 < 𝛾̇ < 𝜏𝑒−1 , the segments of the chain
begin to stretch, thereby dramatically affecting the overall chain extension and stress
tensor. As the molecules extend, the inter-strand entanglements unravel, drastically
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Figure 3.14. Scaled average orientation angle, tube stretch parameter, and normalized
average number of kinks per chain as functions of 𝑊𝑊. The properties display four
regimes of behavior with varying shear rate.

87

reducing the tube network within the fluid. Simultaneously, the effective tube diameter
increases, allowing the chain segments greater diffusional freedom within the tubes; as a
consequence, the chains experience quasi-periodic rotation/retraction cycles wherein the
chain ends diffuse along the backbone until a tight coil is formed, after which the
orientation of the chain switches sign and the chain ends diffuse outward along the
backbone until the chain regains its full extension. The rheological characteristic
functions continue to exhibit shear-thinning behavior, even though elastic contributions
from chain stretching to the stress tensor are becoming substantial; however, at the same
time, the number of entanglements drops precipitously and induces rotation/retraction
cycles that mitigate the increase in elastic stress induced by chain stretching. This is
evident in the prolonging of the stress plateau that formed in the second shear-rate region.
At very high shear rates (𝛾̇ > 𝜏𝑒−1 ), the destruction of the entanglement network
accelerates as the flow timescale decreases, inducing regular rotation/retraction periods of
the individual chains that closely resemble those that occur within dilute solutions. The
effective tube diameter increases and the flow timescale falls below 𝜏𝑒 , implying that the
chain segments no longer feel the confinement of the tubes and therefore experience
chain tumbling events that are strikingly similar to those that occur in dilute solutions.
The shear stress resumes its monotonic increase with shear rate as the chains effectively
collapse and tumble with increasing frequencies in direct response to the vorticity
generated by the shear field. Consequently, the viscosity exhibits a shear-thinning in this
region that is practically identical to that occurring in simulations of dilute solutions.
It is difficult to determine the exact shear-rate range where reptation theory begins to
break down. The onset of chain rotation, which in and of itself does not necessarily signal
a dynamical response that is inconsistent with reptation theory, begins to occur at shear
rates approximately equal to 𝜏𝑅−1 . Hence the shear-stress plateau observed in theory and
experiments within the intermediate shear-rate regime is likely due to the relief of elastic
tension induced by the destruction of the entanglement network and the commensurate
onset of rotational motion of the individual molecules, which are increasingly free to
move according to the imposed shear kinematics. Whether or not a similar behavior
manifests for longer linear-chain polyethylene liquids that classify as fully entangled
remains to be determined.
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CHAPTER FOUR

EVALUATION OF REPTATION-BASED MODELLING OF
ENTANGLED POLYMERIC FLUIDS INCLUDING CHAIN
ROTATION VIA NEMD SIMULATION

This chapter is based on the published paper:
Nafar Sefiddashti, M. H.; Edwards, B. J.; Khomami, B., Evaluation of reptation-based
modeling of entangled polymeric fluids including chain rotation via nonequilibrium
molecular dynamics simulation. Physical Review Fluids 2017, 2 (8), 083301.

4.1

Introduction

Four and a half decades have passed since de Gennes [1] formulated the basic tenets of
reptation theory to describe the dynamics and structure of polymeric fluids,
conceptualized by the key idea that each polymer molecule was constrained to move
within a tube formed by entanglements between its immediate neighbors. Several years
later, Doi and Edwards [26] extended this reptation-based theory in an attempt to explain
the dynamics of polymeric liquids under flow. Despite the successful predictions of the
theory at low deformation rates, it failed at capturing flow properties within the nonlinear
viscoelastic regime, even for the simplest case of monodisperse linear polymers [95]. The
most noted problem with the Doi-Edwards (DE) model was the decreasing trend of shear
stress in the nonlinear viscoelastic flow regime in the case of steady shearing flows. This
resulted in the appearance of a maximum in steady-state shear stress at shear rates (𝛾̇ )
around 𝜏𝑑−1 , where 𝜏𝑑 is the disengagement or reptation time of the macromolecules;
however, the subsequent negative slope of the shear stress profile has not been observed
experimentally.
89

Marrucci and Grizzuti [83] introduced the concept of chain stretch and employed it to
formulate a refinement of reptation theory (the DEMG model). This model improved the
DE model by allowing the primitive path of the chain, which was held fixed in DE
model, to increase from its equilibrium value for shear rates beginning around 𝜏𝑅−1, where
𝜏𝑅 is the Rouse relaxation time of the chains. Although the DEMG model was successful
at qualitatively predicting the overshoots in shear stress and first normal stress difference
after startup of fast shearing flows, at steady state it was only qualitatively reasonable at
deformation rates higher than 𝜏𝑅−1, and did not alleviate the decreasing trend of steadystate shear stress within the shear rate range 𝜏𝑑−1 < 𝛾̇ < 𝜏𝑅−1, which is known as the
plateau region [6].

Mead, et al. [6] believed that convective constraint release (CCR), which was initially
proposed by Marrucci [7] was the key to understanding the descreasing trend of the shear
stress within the plateau region. The dynamical effects of CCR were incorporated into the
DE equations by several groups, [6,8-11] improving the reptation model predictions
significantly within the shear-rate range of 𝜏𝑑−1 < 𝛾̇ < 𝜏𝑅−1. Despite this achievement, the
model predictions still diverged from experiments at high deformation rates. To note one
specific discrepancy between theory and experiment to be discussed below, the observed
experimental overshoot and subsequent undershoot of the transient shear viscosity at high
shear rates cannot yet be understood using reptation-based models [96].
Recent atomistic simulations of unentangled and moderately entangled linear
polyethylene melts [27-30,86,97] demonstrated that individual chain molecules
experience retraction and rotation cycles at moderate to high shear rates with a
characteristic timescale that scales as 𝛾̇ 𝛼 , where 𝛼 ≈ −0.8 for mildly and moderately
entangled liquids [86,97]. The chain rotation is induced by the flow vorticity once the
entanglement network within the liquid is partially destroyed by the orienting and
stretching of the individual chains comprising the confining tubes. These simulations
revealed that individual chain rotation is an important relaxation mechanism over a wide
range of shear rates, beginning roughly at 𝛾̇ ≈ 𝜏𝑅−1, and is the dominant mechanism at
high shear rates. This conclusion suggests that this previously unobserved dynamical
phenomenon might possibly help to explain the inability of tube-based reptation models
to capture the rheological behavior observed in experiments at high shear rates.
Based upon this concept, Costanzo, et al. [96] proposed that the discrepancy between
their recent experimental results and reptation-based theory predictions at high shear rates
was possibly due to the absence of a chain-tumbling mechanism in the aforementioned
models. Reasoning that the chain rotation and retraction cycles of the individual chains
affected the magnitude of the average degree of tube stretch, they introduced a tumbling
function into the model evolution equations and compared the resulting predictions with
their experiments. They demonstrated that this modification improved the model
performance for transient shear viscosity at high shear rates. Specifically, their model
predictions for transient shear viscosity at high shear rates exhibited an initial overshoot
followed by an undershoot that matched fairly well with their experimental data. Hence,
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they concluded that chain tumbling could possibly explain the physical origin of the
stress undershoot, which had heretofore not been observed in reptation-based theory.
Recently, Stephanou, et al. [98] rediscovered a model originally proposed by Curtiss and
Bird [99], which they aptly dubbed the “tumbling-snake” model, and supplemented it
with a non-constant link tension coefficient. A key component of this model, previously
overlooked, was a non-vanishing rotational Brownian contribution that accounted for
chain tumbling. This model successfully predicted the undershoot in transient viscosity of
entangled polystyrene solutions at high shear rate provided that the additional rotational
contribution was included in the model equation set. In the case of entangled polystyrene
melts of similar entanglement number, however, no experimental undershoot in transient
viscosity was observed, which suggests that the additional rotational contribution might
be unnecessary in the case of polymer melts.
In this article, we evaluate the model proposed by Costanzo, et al. [96] using nonequilibrium molecular dynamics (NEMD) simulation results for a moderately entangled
polyethylene melt, which are new data derived from the massive simulations of our
previous work [97]. In particular, we examine the transient viscosity data after startup of
shear flow, observing both an overshoot and an undershoot of the viscosity vs. time at
high shear rate. Concurrently, we also examine the shear behavior of several variations of
reptation theory mentioned above in order to draw a better picture of the relevant physics
over the entire range of 𝛾̇ .

4.2

Theory

We employed a one-mode version of the constitutive model proposed by Costanzo, et al.
[96] and simplified it further by using the differential approximation of the average
orientation tensor of the tube segments, 𝐒 ≡ 〈𝐮𝐮〉, where 𝐮 is the tube end-to-end unit
vector [100,101]. This constitutive model, the DEMG model including chain rotation
(DEMGR), is expressed by the set of equations
1
1
𝐒� + 2𝛋: 𝐒𝐒 + 𝜏 �𝐒 − 3𝛅� = 0,
𝑑

𝜆̇ = 𝜆𝛋: 𝐒𝜑 −

𝑘𝑠 =

𝑘𝑠 (𝜆 − 1)
,
𝜏𝑅

𝛔 = 3𝐺𝑁0 𝑘𝑠 𝜆2 𝐒,

�3𝜆2𝑚𝑚𝑚 −𝜆2 �/�𝜆2𝑚𝑚𝑚 −𝜆2 �
�3𝜆2𝑚𝑚𝑚 −1�/�𝜆2𝑚𝑚𝑚 −1�
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(4.1)
(4.2)
(4.3)
(4.4)

in which 𝛋 is the transpose of velocity gradient tensor, 𝛅 is the unit tensor, and 𝜆
represents the average tube stretch, which is defined as the average tube length
normalized by its equilibrium length. 𝜏𝑑 and 𝜏𝑅 are the disengagement and the Rouse
times, respectively, 𝜆𝑚𝑚𝑚 is the maximum value of the tube stretch (which can be
approximated as the ratio of the tube diameter, 𝑎, and Kuhn length, 𝑏), and 𝐺𝑁0 is the
plateau modulus. 𝐒� is the upper-convected derivative of 𝐒, defined in the standard
fashion, and 𝜆̇ denotes the material derivative of 𝜆. The tumbling function, 𝜑, was
introduced into Eq. (4.2) by Costanzo, et al. [96] in order to incorporate the physical
phenomenon of individual chain rotation into the constitutive model. When 𝜑 = 1, Eqs.
(4.1)-(4.4) reduce to the DEMG model, discussed earlier. The coefficient 𝑘𝑠 quantifies
the nonlinearity of the effective spring elasticity as described by the inverse Langevin
function using the Padé approximation.
In simple shear flow, Costanzo, et al. [96] proposed the expression for the tumbling
function
𝜑(𝑡) = cos(2𝜋𝜋𝜋) exp(−𝛽𝛽),

(4.5)

where 𝜔 quantified the average tumbling frequency of the macromolecules and 1/𝛽
represented the average decorrelation time of the individual chains’ end-to-end vectors:
𝜔=
𝛽=

𝑊𝑊𝑅−0.2
𝛾̇ ,
8𝜋

𝑊𝑊𝑅−0.2
𝛾̇ .
8

(4.6)
(4.7)

In these equations, 𝑊𝑊𝑅 = 𝛾̇ 𝜏𝑅 is the Rouse Weissenberg number. (Note that this is
different from the usual Weissenberg number, 𝑊𝑊, which is defined based on the
disengagement time; i.e., 𝑊𝑊 = 𝛾̇ 𝜏𝑑 .) It is interesting to note that the tumbling function,
(4.5), possesses exactly the same form as the phenomenological fit to autocorrelation
function data obtained via the NEMD simulations of Kim et al [29,30] and Nafar
Sefiddashti et al. [86,97] Furthermore, the scalings with respect to shear rate described by
Eqs. (4.6) and (4.7) are consistent with the NEMD data of Nafar Sefiddashti, et al. [97] as
well.
Given the functional form of Eq. (4.5), it is evident that the tumbling function vanishes
under steady-state shear flow (i.e., 𝑡 → ∞). A possibly unintended consequence of this
fact is that the DEMGR model possesses exactly the same steady-state properties as the
original DE model; i.e., when 𝜑 = 0, the solution to Eq. (4.2) is always 𝜆 = 1,
corresponding to no stretching of the tubes as in the original Doi-Edwards model. In
order to capture the same steady-state rheological property values as the DEMG model
that incorporates tube stretch, the tumbling function of Eq. (4.5) can be replaced by
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𝜑(𝑡) = cos(2𝜋𝜋𝜋) exp(−𝛽𝛽) + 1,

(4.8)

in which case 𝜑 = 1 under steady-state conditions. We will refer to this model as
DEMGR1.

The liquid examined in this article is a linear C700H1402 polyethylene melt at 450 K, which
consists of about 9 entanglements per chain (𝑍 = 8.6) under quiescent conditions. This
system has been studied comprehensively in our previous work using NEMD simulations
[97]. These prior simulations are the source of the data presented below; however, only
Figure 4.3 contains previously published data. Based on prior results, 𝐺𝑁0 = 1.006 MPa,
𝑎
𝜏𝑑 = 1216 ns, 𝜏𝑅 = 66 ns, 𝑎 = 42 Å, and 𝑏 = 16.9 Å [15]. Note that 𝜆𝑚𝑚𝑚 = 𝑏 ≈ 2.5.
We take these values henceforth as the parameters appearing in Eqs. (4.1)-(4.8) in order
to obtain the predictions of the various constitutive models.

4.3

Results and Discussion

Figure 4.1 displays the transient shear viscosity calculated from the basic DE model, the
DEMG model, and the models accounting for tumbling at several values of 𝑊𝑊. This
figure shows that the four models collapse onto a single curve at low 𝑊𝑊 (= 0.1,
displayed in the figure as the solid blue line), which is due to the absence of any
significant degree of tube stretch and/or chain tumbling at this low flow strength within
the linear viscoelastic regime. Note that 𝛋: 𝐒 = 𝛾̇ 𝑆𝑥𝑥 for simple shear flow; hence the first
term on the right side of Eq. (4.2) is very small and therefore 𝜆 ≈ 1 at all times.
At higher values of 𝑊𝑊, these models exhibit different transient behavior up to the point
where each attains its steady-state value. It is notable that the steady-state values of the
DE model and the rotation-enabled DEMGR model are always the same, regardless of
𝑊𝑊; however, there is a gap between these values and the steady-state values of the
DEMG and DEMGR1 models, which also are always equivalent. The difference between
the two traditional models (i.e., without rotation), the DE and DEMG models, is evidently
due to the observation that chain stretch increases with shear rate. Since the DEMGR and
DEMGR1 models possess the same steady-state values as the DE and DEMG models,
respectively, it is possible that the steady-state value of the shear viscosity can be tuned
phenomenologically in a rotation-enabled model simply by replacing the unit value in Eq.
(4.8) with a phenomenologically determined constant, 𝑎, such that 𝑎~𝑂(1).
Nevertheless, the most interesting feature of these data is the noticeable undershoots in
the predictions of the rotation-enabled models, which are completely absent in the DE
and DEMG models.
Figure 4.2 shows the transient behavior of 𝜆 arising from the DE, DEMG, and the
rotation-enabled models at the same 𝑊𝑊 as presented in Fig. 4.1. In the DE model, there
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Figure 4.1. Predictions of transient shear viscosity at 𝑊𝑊 = 0.1 (solid lines), 𝑊𝑊 = 15
(dashed lines), and 𝑊𝑊 = 150 (dotted lines) using the DE (blue), DEMG (red), DEMGR
(purple), and DEMGR1 (green) models. The solid blue line represents all models at
𝑊𝑊 = 0.1.
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Figure 4.2. Chain stretch 𝜆 versus time after startup of steady shearing flow. Symbols are
as defined in Fig. 4.1. Note that there is no blue data present because 𝜆 is always unity for
the DE model at all values of 𝑊𝑊 and hence is not plotted. The solid green curve presents
all models at 𝑊𝑊 = 0.1
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is no mechanism for tube stretch and hence 𝜆 = 1 always; therefore, the data for this
model are all included in the solid green line of Fig. 4.2. At the lowest 𝑊𝑊, 𝜆 remains
unaltered from the unit value, and all models effectively exhibit the DE model behavior.
At higher 𝑊𝑊, the DEMG tube stretch increases from the unit value, experiences a
maximum, and then eventually settles to a steady-state plateau value that is significantly
higher than the DE steady-state unit value, indicating a tube stretch of as much as 50% at
𝑊𝑊 = 150. The rotation-enabled models both also exhibit an initial overshoot in the tube
stretch, but then reveal a subsequent undershoot before settling down to steady-state
plateau values; the DEMGR model attains the same steady-state tube stretch value as the
DE model (i.e., 𝜆 = 1), whereas the DEMGR1 model ultimately attains the same steadystate value as the DEMG model at all 𝑊𝑊. This is not surprising given the forms of Eqs.
(4.2), (4.5), and (4.8). As 𝑡 → ∞, Eq. (4.5) vanishes, and likewise does the first term on
the right side of Eq. (4.2); hence the solution to Eq. (4.2) is 𝜆 = 1, the same as the DE
model. On the other hand, Eq. (4.8) approaches the unit value as 𝑡 → ∞, at which time
Eq. (4.2) reduces to the corresponding equation of the DEMG model. Evidently, not only
does the steady-state value of the viscosity in Fig. 4.1 depend critically on the degree of
tube stretch, but the transient behavior is also heavily dependent on this parameter, as
might have been anticipated from Eq. (4.3).
It is instructive to examine the steady-state behavior of the viscosity, shear stress, and
tube stretch as functions of 𝑊𝑊 as obtained from the C700H1402 polyethylene liquid
simulation described earlier, and then to compare them with the available models
mentioned above, supplemented by the convective constraint release model of Mead,
Larson, and Doi (MLD) [6,95]. This last model is included in this examination because it
is widely considered to be the most realistic model within the shear rate range 0 < 𝛾̇ <
𝜏𝑅−1 since it incorporates both tube stretch and CCR [8-11]; therefore, we will examine
this model carefully to see if it can describe the NEMD simulation data any better than
the other models.
The MLD constitutive model is defined by the set of equations [6,95]
1
1
𝜆̇
= 2 + 𝑓(𝜆) �𝛋: 𝐒 − �,
𝜏 𝜆 𝜏𝑑
𝜆

2
1
�
𝑺2 + 2𝐒 2 (𝛋: 𝐒) + 𝐒 ∙ �𝐒 − 3𝛅� = 𝟎,
𝜏

𝜆̇ = 𝜆𝛋: 𝐒 −

𝑘𝑠 (𝜆 − 1) 1
𝜆̇
− (𝜆 − 1) �𝛋: 𝐒 − �,
𝜏𝑅
2
𝜆
𝛔 = 6𝐺𝑁0 𝑘𝑠 𝜆2 𝐒,
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(4.9)
(4.10)
(4.11)
(4.12)

where the only previously undefined symbol in these equations, 𝜏, is essentially the
disengagement time as corrected according to the CCR effect. In total, these are
essentially the equations presented by Mead, et al. [6], except that the we replaced the
original history integral equation for the orientation tensor, 𝐒, by a differential
approximation, which had been initially proposed by Ianniruberto and Marrucci [9] 𝑓(𝜆)
is a switch function that has a value of unity under quiescent conditions but vanishes for
highly stretched chains, effectively turning off CCR at high 𝑊𝑊. Herein, we used
𝑓(𝜆) = 1 ⁄ 𝜆, as suggested by Mead, et al. [6] Note that the numerical factor of 6
appearing in the stress expression of Eq. (4.12) is slightly higher than the factor of 5
introduced by Mead, et al. [6] in the integral version of the CCR model such that 𝐺𝑁0
maintains its physical significance as the plateau modulus; however, the factor of 6 is
consistent with the analysis of the differential version of the model presented by
Marrucci, et al. [102].
The steady-state viscosity and shear stress (normalized with respect to the plateau
modulus) obtained from the NEMD simulations [97] are plotted in Figure 4.3 as
functions of 𝑊𝑊, along with the solutions for the DEMG, DEMGR, and MLD models.
(Keep in mind that the steady-state values for the original DE model are equivalent to
those of the DEMGR model and those of the DEMGR1 model are equivalent to the
DEMG model.) As evident from Fig. 4.3(a), all models exhibit a shear-thinning behavior
of the viscosity, but the associated power-law index can vary widely from one model to
another, and none of the models matches the NEMD data well at high 𝑊𝑊. The DEMG
model, and hence also the DEMGR1model, come the closest, and thus provide even
better predictions for this quantity than the MLD model. Note that by arbitrarily changing
the unit digit appearing in Eq. (4.8) to 0.8, the predictions of the rotation-enable model
can essentially be laid onto the NEMD data (not shown in the figure), although there is
no physical rationalization for this occurrence. The shear stress is plotted vs. 𝑊𝑊 in
Fig. 4.3(b), wherein it becomes evident that the DEMGR model of Costanzo, et al. [96] is
equivalent to the original DE model with regard to the negative slope of shear stress for
𝛾̇ > 𝜏𝑑−1 ; however, the DEMG (and hence DEMGR1) and the MLD models match fairly
well the NEMD shear stress throughout the plateau region, but then over-predict the shear
stress at high 𝑊𝑊, where the DEMG and DEMGR1 models perform significantly better
than the MLD model.
To understand why the model predictions deviate from the NEMD data at high 𝑊𝑊, it is
prerequisite to examine the key variables that appear in the model equations; namely, 𝜆
and 𝐒. The former variable, however, can be problematic to calculate far from quiescent
conditions. We illustrate this by plotting the probability distribution function of 𝜆
(calculated from the ratio of primitive path length and the ensemble average of the
primitive path length under quiescent conditions) at several values of 𝑊𝑊 in Figure 4.4.
At low values of 𝑊𝑊, the distribution is essentially Gaussian, as expected, and the mean
and the peak of the distribution hence coincide. However, as 𝑊𝑊 increases, the
distribution not only shifts to higher values of 𝜆, but also becomes quite broad and
skewed to the point where the mean can be significantly lower than the peak position.
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Figure 4.3. (a) Steady-state shear viscosity and (b) normalized shear stress from the
NEMD simulations (blue circles) plotted alongside predictions of the DEMG (red
squares), rotation-enabled DEMGR (purple stars), and MLD (green diamonds) models.
The inset in (a) displays the relative error of the various models compared to the NEMD
𝑡
data. The black triangles denote normalized shear stress values calculated using 𝑆𝑥𝑥
via
Eq. (4.14).
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Figure 4.4. Probability distribution of the tube stretch variable from the NEMD
simulations.
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The effect of this rather unexpected distribution on the calculation of 𝜆 is unknown, and
so in the following we will calculate 𝜆 both ways; i.e., in terms of the average (called
‘mean’) and the peak position (referred to as ‘mode’). Note that in standard tube theory
and its refinements, Gaussian statistics are generally assumed, even far from equilibrium.
The steady-state values for the tube stretch as calculated from the NEMD simulations of
Nafar Sefiddashti, et al. [97] are plotted vs. 𝑊𝑊 in Figure 4.5. These data for 𝜆 are plotted
for both mean and mode, wherein it becomes apparent that the method used to calculate
this quantity can change its value dramatically as the distribution of chains broadens in
response to the imposed shear field. The discrepancy between the two data sets becomes
more pronounced as 𝑊𝑊 increases due to the broadening of the chain end-to-end vector
distribution in response to the rotational motion of the individual macromolecules—see
Fig. 5 of Nafar Sefiddashti, et al. [97] The mode form of the tube stretch is always higher
than that computed from the mean of the distribution, which is broadly skewed toward
smaller 𝜆 at higher 𝑊𝑊. Unfortunately, no theoretically definitive method yet exists for
determining 𝜆 for the non-Gaussian distributions of chain configurations far from
equilibrium.
The various model predictions of 𝜆 are also presented in Fig. 4.5. Note that the DE and
DEMGR models produce unit values of 𝜆 regardless of 𝑊𝑊, and therefore these data are
not displayed in the figure. Furthermore, the steady-state values arising from the
DEMGR1 model are equivalent to those of the DEMG model. As evident from the figure,
there is a very large discrepancy between the model predictions and the NEMD results,
with the models vastly over-predicting the simulation data, whether in mean or mode
form. Figure 4.5 shows that 𝜆 begins to increase as soon as the flow enters the nonlinear
viscoelastic regime; i.e., 𝑊𝑊 > 1. Specifically, it increases rapidly with increasing shear
rate for 𝑊𝑊𝑅 > 1, which is the region where it is believed that chain stretching becomes
an important relaxation mechanism. The chain stretch reaches a rather high value of
𝜆~1.4 − 1.6 at very high shear rates, which is roughly 56-64% of the theoretical value of
𝜆𝑚𝑚𝑚 for this system, demonstrating that chain stretch is not generally negligible in the
case of shear flows. Note that there is generally good agreement between the model and
NEMD simulation results for 𝑊𝑊 < 50; interestingly, this is the 𝑊𝑊 at which chain
rotation begins to become significant [97]. As previously discussed by Nafar Sefiddashti,
et al. [86] these tumbling events tend to decrease the primitive path and hence the tube
stretch ratio, which suggests that the discrepancy between the model and NEMD data at
higher 𝑊𝑊 is possibly due to these chain rotation events. This plot also reveals that CCR
slightly improves the model performance in predicting 𝜆 at steady state for 𝛾̇ < 𝜏𝑒−1 as
compared to the DEMG and DEMGR1 models, but it does not have a beneficial effect at
higher shear rates. This is consistent with previous assertions that CCR is most important
within the shear-rate range of 𝜏𝑑−1 < 𝛾̇ < 𝜏𝑅−1, and with the fact that the switch function
tends to decrease the effect of CCR at high 𝑊𝑊. In fact, at the highest 𝑊𝑊 values
examined, the tube stretch as predicted by the models is unrealistically high, presumably
being caused by a higher average degree of tube orientation than observed in the NEMD
data since the models do not properly incorporate chain rotation/retraction cycles into the
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Figure 4.5. Tube stretch vs. 𝑊𝑊 from the NEMD simulations calculated via the mean of
the distribution of Fig. 4.4 (mean value: blue circles) and the peak position (mode value:
yellow triangles) plotted alongside predictions of the DEMG (red squares) and MLD
(green diamonds) models. Note that the DEMGR1 model 𝜆 values are equivalent to the
DEMG model steady-state values, and that the DE and DEMGR models (not shown)
𝑡
satisfy 𝜆 = 1 at all 𝑊𝑊. The black triangles denote values of 𝜆 calculated using 𝑆𝑥𝑥
according to Eq. (4.13).
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chain length distribution function during the averaging. This can be seen more clearly by
examining the behavior of 𝐒 (specifically, the 𝑆𝑥𝑥 component), as discussed below in
reference to Figure 4.6.
The non-zero components of the tube orientation tensor are plotted vs. 𝑊𝑊 in Fig. 4.6
(except for 𝑆𝑧𝑧 , which follows closely the behavior of 𝑆𝑦𝑦 ). The 𝑆𝑥𝑥 component of the
NEMD data and the DEMG and MLD models exhibit the same qualitative behavior; i.e.,
a slow increase at low 𝑊𝑊, followed by a rapid increase to a plateau value at high 𝑊𝑊.
Although the trends are qualitatively consistent, there is a vast quantitative discrepancy
between the simulation data and the model predictions over much of the applicable range
of 𝑊𝑊, which is particularly egregious for the DEMG model. This model greatly overpredicts the simulation data, suggesting an orientational distribution function that is much
narrower and peaked than that of the NEMD data. With regard to 𝑆𝑦𝑦 , the trend is
opposite to that of 𝑆𝑥𝑥 , showing a decreasing value with increasing 𝑊𝑊. The DEMG
model significantly under-predicts the NEMD data, which is again indicative of excessive
narrowing of the distribution function. The 𝑆𝑥𝑥 component increases rapidly within the
linear viscoelastic regime, obtaining a maximum at 𝑊𝑊 ≈ 1, and then experiences a slow
decay toward its equilibrium value, indicative of the small orientation angle of the tubes
with respect to the flow (𝑥) direction at high 𝑊𝑊. Both the DEMG and MLD models
greatly over-predict the NEMD data, once again indicating a much greater degree of
alignment than the simulations would suggest.
None of the models discussed above, whether rotation-enabled or not, is capable of
describing the simulation data over the whole range of 𝑊𝑊 with any degree of accuracy.
So far, we have traced this problem to inaccurate predictions of the tube stretch and
orientation tensor, but the question remains whether this inaccuracy is a fundamental
consequence of the choice of the pre-averaged variables (𝜆 and 𝐒) or rather is
symptomatic of the forms of the various model evolution equations; e.g., Eqs. (4.1) and
(4.2). In order to examine this issue and possibly attain a minimal level of understanding,
we can calculate the quantities 𝜆 and 𝐒 directly from the NEMD simulation data (as
illustrated in Figs. 4.5 and 4.6), effectively bypassing the model evolution equations for
these variables, and then compare these values directly with those calculated via the
various tube models.
As discussed previously, Costanzo, et al. [96] tried to improve the predictions of the
DEMG constitutive model by introducing the individual chain tumbling dynamics into
the evolution equation of the tube stretch, 𝜆. Here, we also focus on tube orientation
tensor, 𝐒, as a major factor in the calculation of stress tensor in tube-based models. Hence
we calculate the shear component of the orientation tensor, 𝑆𝑥𝑥 , using NEMD simulation
results and incorporate it into the tube model in order to calculate the shear stress. The
tube orientation tensor, calculated from the NEMD simulation data, is defined as
𝐒 𝑡 = 〈𝐮𝑡 𝐮𝑡 〉, where 𝐮𝑡 is the unit end-to-end vector of an entanglement strand. Knowing
the number of entanglements, 𝑍 (as a function of 𝑊𝑊), each chain can be divided into
𝑍 + 1 segments of an equal number of monomeric units which represent the individual
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Figure 4.6. Nonzero components of the orientation tensor 𝐒 vs. 𝑊𝑊 from the NEMD
simulations (blue circles) plotted alongside predictions of the DEMG (red squares) and
MLD (purple diamonds) models. Note that 𝑆𝑧𝑧 behaves similarly to 𝑆𝑦𝑦 and is therefore
not shown.
103

entanglement strands. End-to-end vectors of the entanglement strands can then be easily
identified, and the appropriate ensemble averages of the components of the orientation
tensor are readily calculated from the NEMD data. This allows us to bypass the evolution
equation for the tube orientation tensor, such as Eqs. (4.1) and (4.10), by inputting
directly the corresponding ensemble averages of the components of 𝐒 𝑡 into the evolution
equation for 𝜆 and the expression for the extra stress tensor, such as Eqs. (4.2) and (4.3).
𝑡
Under steady-state conditions, Eq. (4.2) can be expressed in terms of 𝑆𝑥𝑥
as
𝑡
𝜆𝛾̇ 𝑆𝑥𝑥
−

𝑘𝑠 (𝜆 − 1)
= 0,
𝜏𝑅

(4.13)

which is obtained from the evolution equation of 𝜆 in the DEMG model for a simple
shear flow by letting 𝜆̇ = 0; in this way, the evolution equation for 𝐒 is bypassed. The
black triangles in Fig. 4.5 denote values of the tube stretch calculated according to Eq.
(4.13). As evident from the plot, values of 𝜆 computed in this manner show better
agreement with the NEMD values than any of the tube models; however, it remains clear
that there still exists a sizeable discrepancy between theory and data that must emanate
from physical inconsistencies in the tube stretch evolution equation, (4.13).
𝑡
according to
Similarly, the steady-state shear stress can be calculated using 𝑆𝑥𝑥
𝑡
𝜎𝑥𝑥 = 3𝐺̅ 𝑘𝑠 𝜆2 𝑆𝑥𝑥
,

(4.14)

which is essentially the Doi-Edwards equation that incorporates the tube stretching effect,
as presented by Eq. (4.3) of the DEMG model. In Eq. (4.14), 𝐺̅ = 15𝐺𝑁0 /4 is an effective
elastic modulus which ensures that the definition of the tube orientation tensor used to
compute the NEMD simulation data average of this quantity (namely, 𝐒 𝑡 = 〈𝐮𝑡 𝐮𝑡 〉) is
consistent with the zero-shear viscosity. Alternatively, we could have calculated the
4
plateau modulus according to 𝐺𝑁0 = 5 𝜈𝑘𝐵 𝑇 and then used Eq. (4.12) in order to calculate
the stress tensor. Either method yields the same features in the rheological properties, as
described below. The black triangles in Fig. 4.3(b) display the data obtained for the
normalized shear stress via Eq. (4.14) as a function of 𝑊𝑊 for the C700H1402 melt. These
data are very close to the shear stress data computed directly from the NEMD
simulations; indeed, much closer than any of the tube model variations at high 𝑊𝑊.

Taken together, the results presented above for both tube stretch and shear stress under
steady shear support some interesting considerations. As already demonstrated, the values
of these two quantities as calculated via Eqs. (4.13) and (4.14) reveal the best agreement
with the values computed directly from the NEMD simulation data when compared to
any of the tube model variations examined herein. Especially noticeable is the improved
agreement for 𝑊𝑊 ≥ 150, where the model predictions begin to diverge greatly from the
NEMD data. This is the region in which chain tumbling is considered to be the dominant
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relaxation mechanism of the system [97]. It should also be noted that CCR and chain
tumbling are not included explicitly in Eqs. (4.13) and (4.14). To be precise, neither
equation has the corrections of the MLD model due to CCR (see Eq. (4.11)) or has the
correction of the tumbling function, 𝜑, as proposed in Eq. (4.2) of the DEMGR model.
Instead, the effects of these phenomena are explicitly incorporated into the calculations
𝑡
by using the actual values of 𝑆𝑥𝑥
as obtained directly from the NEMD simulations. The
implication is that, at least as far as steady-state shear flow is concerned, both the
definitions used to calculate the tube stretch and the orientation tensor are appropriate for
this particular case. It also suggests that the tube models employing stress expressions
such as Eq. (4.14) are indeed physically reasonable and capable of quantifying the stress
adequately, provided that they can predict physically realistic values of 𝐒 and 𝜆.
Furthermore, an additional implication is that the primary problem with the various
versions of the tube model lies in the respective evolution equations for 𝐒 and 𝜆;
therefore, any possible incorporation of the chain tumbling phenomenon should also
include changes to the evolution equation of the orientation tensor, not only the equation
for the tube stretch as proposed by Costanzo, et al. [96].
In light of the above remarks, it is worthwhile to examine whether or not the above
statements are also applicable to a transient shear flow situation. In Figure 4.7, the
transient shear viscosity, 𝜂+ , is plotted versus time as obtained directly from the NEMD
simulations at 𝑊𝑊 = 1,000 (the dark blue curve). These data exhibit an initial overshoot
followed by a small undershoot at longer times, in agreement with typical experimental
data for this rheological characteristic function. Plotted alongside these data are the
predictions of the DEMG (red curve) and DEMGR (purple curve) tube models. Both
models predict an overshoot in the transient viscosity that is significantly higher and
shifted to longer times as compared to the NEMD data; however, neither model predicts a
subsequent undershoot and eventual damping to a steady-state value. As already noted
above, the rotation-enabled DEMGR model possesses a steady-state value of viscosity
that is significantly lower than that of the basic DEMG model (and is equivalent to the
steady-state value of the original DE model). These data suggest that neither model, or
any of the other ones considered in this article, is fully capable of describing actual
transient viscosity data at this high 𝑊𝑊. This is congruent with our conclusions from
examining the steady-state system properties, as described above.

𝑡
Also plotted in Fig. 4.7 are data obtained from using 𝑆𝑥𝑥
as computed using the NEMD
simulations with the tube stretch calculated according to Eq. (4.2) with 𝜑 = 1 (labeled as
‘𝜆𝐷𝐷𝐷𝐷 ’) and subsequently inserted into Eq. (4.14) to calculate the viscosity; these data
are displayed by the black curve. Although the steady-state data of Fig. 4.3 suggested that
Eq. (4.2) with 𝜑 = 1 might be adequate for calculating the tube stretch variable in steady
shear flow, the transient data suggest otherwise. Indeed, the magnitude and position of
the overshoot are shifted to higher values of viscosity and time, respectively, although the
undershoot exhibited by the NEMD data appears to have been predicted by the model
albeit shifted to longer times. In some respects, however, the transient predictions of the
𝑡
DEMG model are slightly better than those obtained using 𝑆𝑥𝑥
and 𝜆𝐷𝐷𝐷𝐷 , in contrast to
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Figure 4.7. Transient shear viscosity at 𝑊𝑊 = 1,000 upon startup of shear flow vs. time.
The dark blue curve corresponds to data obtained directly from the NEMD simulations.
The red and purple curves are the predictions of the DEMG and DEMGR models,
𝑡
computed from the NEMD
respectively. The black curve was obtained using 𝑆𝑥𝑥
simulations with 𝜆𝐷𝐷𝐷𝐷 calculated via Eq. (4.2) with 𝜑 = 1 and the shear stress via Eq.
(4.14) , and the light blue and yellow curves were obtained using only Eq. (4.14) with
𝑚𝑚𝑚𝑚
𝑡
𝑡
both 𝑆𝑥𝑥
and 𝜆𝑚𝑚𝑚𝑚
𝑁𝑁𝑁𝑁 and both 𝑆𝑥𝑥 and 𝜆𝑁𝑁𝑁𝑁 respectively obtained directly from the
simulation data.
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the steady-state data; i.e., although the peak value of the DEMG model is higher relative
𝑡
and 𝜆𝐷𝐷𝐷𝐷 , the peak position of the DEMG
to the NEMD data than that obtained via 𝑆𝑥𝑥
model is closer to the actual peak of the NEMD data.
𝑡
The light blue and yellow curves in Fig. 4.7 display data that were calculated using 𝑆𝑥𝑥
from the NEMD simulations, but rather than calculating 𝜆𝐷𝐷𝐷𝐷 via Eq. (4.2), this
quantity was computed directly from the simulations using the Z1 code [71] to calculate
instantaneous ensemble probability distribution functions (such as displayed in Fig. 4.4)
and then smoothed out using a running time average over ten successive sample times.
𝑚𝑚𝑚𝑚
Both mean and mode methods were used to determine ‘𝜆𝑚𝑚𝑚𝑚
𝑁𝑁𝑁𝑁 ’ and ‘𝜆𝑁𝑁𝑁𝑁 ’ as functions
𝑡
of time. The results are consistent with each other, and indicate that when both 𝑆𝑥𝑥
and
𝑚𝑚𝑚𝑚
𝑚𝑚𝑚𝑚
either 𝜆𝑁𝑁𝑁𝑁 or 𝜆𝑁𝑁𝑁𝑁 are calculated directly from the simulation data, the stress
expression of Eq. (4.14) predicts very well the properties of the transient viscosity;
namely, the overshoot peak position and height and the approximate location of the
undershoot.

To investigate deeper into the fundamental physics underlying the results presented in
Fig. 4.7, the tube stretch is plotted versus time in Figure 4.8 at 𝑊𝑊 = 1,000 under various
circumstances. The light blue and yellow curves are data determined directly from the
𝑚𝑚𝑚𝑚
NEMD simulations using the mean and mode methods: 𝜆𝑚𝑚𝑚𝑚
𝑁𝑁𝑁𝑁 or 𝜆𝑁𝑁𝑁𝑁 . Upon startup of
shear, these quantities behave similarly: each experiences an overshoot followed by a
long-time decay to a steady-state plateau. As discussed above, the mode method produces
a steady-state value of tube stretch that is slightly higher than that of the mean method.
Interestingly, the peak position of the tube stretch is quite different than the
corresponding peak position of the viscosity, shown in Fig. 4.7, which seems to indicate
that the overshoot in viscosity is not a direct byproduct of the tube stretching mechanism.
The purple curve in Fig. 4.8 corresponds to the prediction of 𝜆 of the DEMGR model,
which decays to a steady-state value of unity, as explained above. The DEMG model
prediction ultimately decays to a steady-state value that is significantly higher than the
actual NEMD value, either mean or mode, also as described above. The most interesting
feature to note from Fig. 4.8, however, is the fact that black curve, corresponding to
𝑡
calculating first 𝑆𝑥𝑥
and then using Eq. (4.2) with 𝜑 = 1 to determine 𝜆𝐷𝐷𝐷𝐷 is a
surprisingly poor representation of the actual NEMD tube stretch. Hence in transient
situations, there is little evidence to support the fundamental physical mechanisms
prescribed by either the DEMG or DEMGR set of evolution equations at high shear rates.
𝑡
is plotted versus time at 𝑊𝑊 = 1,000 as
The tube orientation tensor component 𝑆𝑥𝑥
computed directly from the NEMD simulations (blue curve) and as predicted by the
DEMG and DEMGR models (red curve), which are equivalent in this case because both
𝑡
models use Eq. (4.1) to describe the evolution in time of 𝑆𝑥𝑥
. The simulation data show
both an overshoot and undershoot with respect to time, but in this case, the tube models
𝑡
over-predict both the transient and steady-state values of 𝑆𝑥𝑥
and greatly underestimate
the peak position of the overshoot. Furthermore, neither model displays the undershoot,
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Figure 4.8. Transient tube stretch values at 𝑊𝑊 = 1,000 upon startup of shear flow vs.
𝑚𝑚𝑚𝑚
time. The light blue and yellow curves correspond to 𝜆𝑚𝑚𝑚𝑚
𝑁𝑁𝑁𝑁 and 𝜆𝑁𝑁𝑁𝑁 , respectively, as
obtained directly from the simulation data. The red and purple curves are the predictions
for tube stretch from the DEMG and DEMGR models, respectively, and the black curve
𝑡
is the prediction for tube stretch arising from Eq. (4.2) with 𝜑 = 1 once 𝑆𝑥𝑥
has been
computed from the NEMD simulations.
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which is critical to describing the corresponding feature of the transient startup viscosity
curve of Fig. 4.7. Further insight can be gleaned by comparing the positions of the
overshoot and undershoot positions in the NEMD data curves of viscosity, tube stretch,
and orientation, as observed from Figs. 4.7, 4.8, and 4.9, respectively. The overshoot of
the viscosity data in Fig. 4.7peaks at 0.004 μs and the undershoot attains its nadir at 0.07
μs. The corresponding values of the tube stretch are 0.01 μs and 0.16, respectively, and
𝑡
those of the orientation tensor component 𝑆𝑥𝑥
are 0.003 μs and 0.07 μs. Note that the
overshoot and undershoot of the viscosity match fairly well with the corresponding
features of the tube orientation tensor, but not very well with those of the tube stretch
(which does not display an undershoot at all). Hence it appears that there is a definite lag
time between the orientation of the tubes and the subsequent tube stretching, and that the
transient features of the viscosity are more tuned to the former than the latter. This is an
important point to be considered when developing more physically accurate evolution
equations for further possible refinement of tube models.
In light of the above observations and remarks, it is necessary to examine carefully the
fundamental physical foundation of the DEMG model under high 𝑊𝑊 flow. In particular,
since both 𝐒 and 𝜆 seem to be poorly described by the underlying theory, one must
ponder what other critical features of general tube theory must also be called into
question and scrutinized. One of the key lessons learned from the simulations of Nafar
Sefiddashti et al. [86,97] is that the number of chain entanglements sharply declines at
high 𝑊𝑊, thus enabling the individual chain rotation/retraction cycles that lead to the
unorthodox features observed in both prior experimental and simulation studies. As many
past research works have shown, the flow-induced changes in 𝜆 are a critical piece of the
puzzle that must be described successfully in order to describe correctly the essential
physics of the flow problem; however, other key variables, such as the entanglement
number and Rouse time, are generally assumed to remain constant at their equilibrium
values, which is not necessarily the case.
In Figure 4.10, the top graph shows the number of kinks per chain, 〈𝑍𝑘 〉, as calculated
according to the Z1 code [71] vs. tube stretch. At equilibrium, 〈𝑍𝑘 〉 is typically twice the
number of chain entanglements. As shown in the figure, the kink number declines in an
almost linear fashion with the increase in the degree of tube stretch induced by the shear
flow. This provides direct evidence for the first time that there is a direct correlation
between the length of the reptation tubes and the entanglements of the surrounding chain
network. The middle plot displays the correlation between the disengagement time and
the entanglement density of the liquid. The disengagement time was calculated based on
the longest relaxation time of the autocorrelation function of the unit end-to-end vectors
of the simulated polyethylene chain liquid—see Refs. [86,97] for more details. This plot
reveals that the disengagement time decreases in a power-law fashion with respect to the
kink number [97]; this translates to the lower plot, which shows a similar behavior of the
disengagement time with respect to the tube stretch variable. The power-law exponent of
the curve fitting is 2.8, which is fairly close to the theoretical scaling of 3 under quiescent
conditions. Clearly, as the tubes stretch and the entanglement number declines, the chains
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Figure 4.9. Tube orientation tensor component 𝑆𝑥𝑥 at 𝑊𝑊 = 1,000 upon startup of shear
flow vs. time. The blue curve corresponds to data computed directly from the NEMD
simulations. The red curve are the predictions for 𝑆𝑥𝑥 of the DEMG and DEMGR
models, which are equivalent for all flows.
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𝑚𝑚𝑚𝑚
Figure 4.10. Number of chain kinks, 〈𝑍𝑘 〉, plotted as a function of 𝜆𝑚𝑚𝑚𝑚
𝑁𝑁𝑁𝑁 and 𝜆𝑁𝑁𝑁𝑁 ,
respectively (top graph), disengagement time plotted vs. number of chain kinks (middle
graph), and disengagement time plotted vs. tube stretch (bottom graph).
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are less confined and restricted translationally, allowing them to diffuse from their initial
tubes at greater rates. Nevertheless, the physical relationships and mechanisms governing
these altered dynamical states are yet to be incorporated into contemporary tube theory.

4.4

Conclusions

Viewed as virtual experiments, results of a recent NEMD simulation study of a
moderately entangled polyethylene C700H1402 liquid were compared with several versions
of the tube model, including a rotation-enabled model that had been recently proposed by
Costanzo, et al. [96] to incorporate the dynamical mechanism of individual chain rotation
at high 𝑊𝑊. All of the models examined revealed stark departures from the simulation
data under both steady and transient shear flows at high 𝑊𝑊. By examining the key
theoretical variables, the tube orientation tensor and the tube stretch, it was shown that
although usage of these variables to quantify the corresponding physical property
appeared to be physically reasonable, the evolution equations for these variables arising
from the various tube models were not appropriate for describing the dynamics of the
actual flow process. Possible reasons for this include the averaging procedure used to
reduce the stochastic Fokker-Planck equation to a continuum set of equations in terms of
pre-averaged bulk properties, as well as the possibility of missing physics in such key
conceptual quantities as the number of entanglements and disengagement time. Another
key finding was that the overshoot and undershoot commonly observed at high shear rate
for entangled polymeric liquids can most likely be solely attributed to tube orientation
rather than tube stretching. Future theoretical efforts should focus not only on addressing
the issues involving the evolution equations for 𝐒 and 𝜆, but also on the nature of other
dynamical quantities, such as 〈𝑍𝑘 〉 and 𝜏𝑑 , at high 𝑊𝑊.
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CHAPTER FIVE

INDIVIDUAL MOLECULE DYNAMICS OF ENTANGLED C1000H2002
MELT UNDERGOING STEADY SHEAR FLOW: TRANSIENT AND
STEADY STATE DYNAMICS

5.1

Introduction

Description of the flow behavior of entangled polymeric liquids has been an open
problem in the field of rheology. In 1971, de Gennes [1] proposed his reptation theory
and reduced the many chain problem of entangled liquids to the one-dimensional
diffusion of a molecule through an effective tube formed by the surrounding molecules.
This picture of entangled liquids opened the road for others to build a family of
constitutive models with different levels of sophistication, known as tube-based models.
Doi and Edwards [26] formulated reptation theory (DE), the first and simplest of the
tube-based models, to describe the polymer dynamics at equilibrium and flow. In this
model, the stress is simply proportional to the tube segment orientation tensor, which
relaxes with a characteristic time equal to the reptation or disengagement time, 𝜏𝑑 , of the
polymeric liquid. Despite the good performance of the model in the linear viscoelastic
regime (𝑊𝑊 < 1: 𝑊𝑊 ≡ 𝜏𝑑 𝛾̇ ; 𝛾̇ is the shear rate), its predictions diverged at higher
deformation rates. Specifically, the DE model predicts a maximum in the steady-state
shear stress vs. 𝛾̇ curve at 𝑊𝑊 = 1 and a subsequent negative slope in the curve (see
Fig. 3.1), which results in excessive shear thinning in the model predictions. This
suggested that the flow becomes unstable over a relatively wide range of shear rates,
which contradicted experimental observations. Experimentally, a plateau region was
observed in the curve over a wide range of shear rates spanning 𝜏𝑑−1 < 𝛾̇ < 𝜏𝑅−1 or even
𝜏𝑑−1 < 𝛾̇ < 𝜏𝑒−1, where 𝜏𝑅 and 𝜏𝑒 are the Rouse and entanglement times of the liquid
respectively. During startup of shear flow, although the model was capable of predicting
the overshoot in shear stress vs. time (or strain), it failed at capturing the overshoot in the
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first normal stress difference that was observed experimentally. The DE model also failed
at capturing the undershoot in the transient shear stress that is typically observed at high
shear rates in experiments.
Marrucci and Grizzuti [83] attempted to improve the DE model by incorporating the tube
stretching effect into it. Tube stretching, which was neglected by Doi and Edwards,
allows the tube segments to stretch beyond their equilibrium length. This model,
designated as DEMG [85], has an extra relaxation mechanism of tube retraction with a
characteristic timescale of the Rouse time, as compared to the original model. The
refinement improved model predictions at large shear rates (𝛾̇ > 𝜏𝑅−1 ), however, it did not
fix the nonmonotonic shear stress within the intermediate plateau region. This was not
surprising, considering that the characteristic timescale of tube retraction is 𝜏𝑅 ; hence this
mechanism is only active when the flow characteristic timescale is shorter than 𝜏𝑅 ; i.e.
𝛾̇ > 𝜏𝑅−1 . However, the DEMG model could capture the overshoot in the first normal
stress difference, which suggests that tube stretch is the origin of this overshoot. The
inclusion of tube stretch also led to an improved prediction of the strain at maximum
overshoot in the shear stress [6].
Marrucci [7] argued that topological obstacles, or entanglements, can be released and
renewed due to the flow. The new mechanism, known as Convective Constraint Release
(CCR) was incorporated into the tube model [8] and proposed to be the dominant
mechanism in fast flows of polymer melts. Mead, et al. [6] believed CCR was the
missing mechanism within the intermediate range of shear rate that could resolve the
excessive shear thinning problem in the DE and DEMG models. They introduced CCR
into the DEMG model and showed that the new model (MLD) worked fairly well within
the intermediate plateau regime [6]. Several other variations of tube-based models were
formulated that incorporated the three essential relaxation mechanisms (tube segment
orientation through reptation, tube stretch or retraction, and CCR) such as DCR-CS [9],
GLaMM [11], Rolie-Poly [10], etc. [102,103]. All these models exhibit qualitatively
similar behavior over a wide range of Wi. Their predictions agree qualitatively and to
some extent quantitatively with experiments in the linear and nonlinear viscoelastic
regimes. However, the predictions are not quite accurate and should be improved,
especially at high deformation rates.
Attempts to improve tube-based models continued with proposing and incorporating
additional molecular mechanisms into the basic model. Inspired by works of
Ianniruberto, et al. [104] and Yaoita, et al. [105], Desai and Larson [100] supplemented
the DEMG model with a segmental friction reduction mechanism [106] by which Kuhn
segment alignment could alter the disengagement and Rouse times, and consequently
rheological predictions of the model (DEMG-F(SS)). Although this refinement led to a
reasonable prediction of extension thinning in elongational flows of polymer melts at
high 𝑊𝑊, it was not really effective in case of shear flows, indicating that friction
reduction is negligible even at high shear rates.
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All of these models were based on assuming a constant (equilibrium) entanglement
density at all flow strengths, which has been proven to be false; for instance, by
nonequilibrium molecular dynamics simulations [32,86,97,107,108]. Mead, et al. [109]
showed that the equilibrium plateau modulus cannot be used to scale the stress levels
within the highly nonlinear flow regime, considering the fact that the plateau modulus is
inversely proportional to the entanglement molecular weight (equivalently, directly
proportional to the entanglement density). They modeled the entanglement pair dynamics
and developed a tube model based on the MLD model that included entanglement
dynamics and a conformation-dependent friction coefficient (friction reduction effects),
as well as the well-known relaxation mechanisms of MLD (i.e. reptation, tube stretch,
and CCR). They tested their model, referred to as MBP, against experimental data
obtained from startup and steady-state shear and elongational flows of polymer melts and
solutions [109]. Despite the overall acceptable performance of the model, it is not capable
of capturing the undershoot in shear viscosity at high shear rates. (To be more accurate,
models like GLaMM predict the undershoot, but these predictions are much weaker than
experimental observations.) The predictions of steady-state rheological properties at very
high shear rates are also questionable.
The failure of the mathematical models in predicting flow behavior should most probably
be attributed to the absence of relevant physical processes and dynamics of polymer
molecules in the models. This explains the necessity of studying polymeric liquids at
equilibrium and under flow on a molecular level. Various experimental and
computational methods were employed to investigate the individual molecule dynamics
of these complex liquids. A series of NEMD simulations of unentangled and entangled
polyethylene melts [27-30,86,97,108] revealed that individual molecules experience
rotation and retraction cycles (vorticity excursions) over a wide range of shear rates
(~𝑊𝑊 > 10) under simple shear flow. This molecular mechanism, which is proposed to
be the dominant mechanism at very high shear rates (𝛾̇ > 𝜏𝑒−1 ) [97], was absent in most
of the tube-based constitutive models of entangled polymers until recently when
Costanzo, et al. [96] proposed a phenomenologically motivated modification to the
model. Costanzo et al. especially suggested that the incapability of tube models in
capturing the undershoot in transient shear viscosity at high shear rates is possibly due to
this overlooked molecular mechanism (i.e., molecular rotation) in the models. They
introduced a tumbling function (inspired by the scaling analysis of the rotational
timescale [86]) into the evolution equation of the tube stretch in the DEMG model and
compared the model predictions against experimental data. Although they observed a
good agreement between the numerical and experimental results, especially at startup of
shear (specifically, the model captured the undershoot in transient viscosity), the model
suffered from two disadvantages: (a) lack of a theoretical/molecular justification for the
mathematical form of the modification (as discussed by the authors), and (b) reduction of
the model to the simple DE model at steady state due to the specific form of the tumbling
function, as discussed by Nafar Sefiddashti, et al. [110]. It is worth noting that the latter
problem can be fixed by a simple modification in the tumbling function (see [110] for the
details). Nafar Sefiddashti, et al. [110] also examined the transient behavior of an
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entangled melt at a very high shear rate and suggested that the stress undershoot is
primarily influenced by the undershoot in segmental tube orientation rather than tube
stretch. However, a single simulation at such a high shear rate may not provide enough
evidence to draw a solid conclusion. Masubuchi, et al. [111] studied startup shear flows
of entangled polystyrene melts using primitive chain network simulations in order to
investigate the origin of stress undershoot at high shear rates. They decoupled the stress
into orientational and stretch components and examined the effect of these variables, as
well as the chain tumbling motion and entanglement creation/destruction kinetics on the
stress undershoot. These simulations showed that segmental orientation, tube stretch, and
the ensemble average square sine of the chain end-to-end orientation angle (representing
the tumbling motion) all exhibit undershoots, although not synchronized with shear
stress. They concluded that their results support the mechanism proposed by Costanzo;
i.e., the idea of tumbling induced oscillatory damped behavior affecting the chain stretch.
However, they also noted that the appearance of undershoot in segmental orientation
partially confirms the conclusion of Nafar Sefiddashti, et al. [110] regarding the origin of
the undershoot.
Stephanou, et al. [98] employed a kinetic theory of polymer melts and concentrated
solutions, originally proposed by Curtiss and Bird [99], and supplemented it with a
nonconstant link tension coefficient. Unlike the original model, they also employed nonvanishing rotational Brownian contributions to the model that accounted for chain
tumbling. The model had a successful performance in capturing the overshoot and
undershoot in transient shear viscosity of entangled polymer solutions. However, at very
high shear rates there were discrepancies between the experiments and model predictions
of both the magnitude and time of the overshoot and undershoot.
Recently Xie and Schweizer [112] formulated a tube-based constitutive model premised
on the idea of deformation-induced grip force (arising due to the chain uncrossability)
originally proposed by Wang, et al. [113]. This idea proposed that polymer retraction for
𝛾̇ > 𝜏𝑅−1 in startup flow is temporarily delayed until the retraction force reaches the grip
force, at which point a massive amount of entanglements are lost. They suggest that this
entanglement loss leads to the stress decline and consequent appearance of a sheardependent stress overshoot in this flow regime. Xie and Schweizer [112] incorporated a
force imbalance condition for termination of affine deformation and consequently a
delayed chain retraction process. In this model, the (delayed) retraction process has a
characteristic timescale faster than the Rouse time and hence is accelerated compared to
the Rouse time when 𝛾̇ > 𝜏𝑅−1 . The implementation of CCR in this model was also
different from the older versions (e.g., MLD and GLaMM) in terms of its delayed onset
that occurs after chains lose grip. This model, despite its relative simplicity, was able to
capture the stress undershoot within the high shear rate regime. This is especially
important because, unlike two other models [96,98], the undershoot in this model is not
due to the presence of chain tumbling. While the model predictions for the undershoot
normalized stress was about a factor 2 larger than experimental observations, the power
law scaling for this quantity (∝ 𝑊𝑊 0.3) was fairly close to that of experiments. Although
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they mentioned that the origin of the undershoot is subtle and cannot be explained in
simple terms, they concluded that it is primarily due to the delayed onset of CCR, which
is enhanced with the delayed loss of grip as implemented in their model.
The physical origin of the stress overshoot has also been debated for several decades. The
Doi-Edwards model predicts an overshoot in shear stress at roughly constant strain
(𝛾 = 𝛾̇ 𝑡) values, 𝛾 ≈ 2, irrespective of shear rate [35,36]. Experimentally for 𝛾̇ > 𝜏𝑅−1 ,
however, the overshoot strain value shifts to higher values with increasing shear rate. The
stress overshoot within the 𝜏𝑑−1 < 𝛾̇ < 𝜏𝑅−1 region has been attributed to the overshoot of
the tube segmental orientation, both theoretically and experimentally [101]. Note that the
original DE model does not account for tube stretch or other molecular mechanisms
except for segmental orientation. At higher shear rates, the overshoot in the shear stress
and first normal stress difference has been related to the tube stretch [36,101,114]. The
origin of the stress overshoot was investigated using molecular simulations as well.
Masubuchi and Watanabe [115] performed primitive chain network simulations on
startup of shear flow of an entangled polymer within the shear rate range 𝛾̇ < 𝜏𝑅−1 and
showed that both shear stress and segmental orientation exhibit overshoots and satisfied
the stress optical rule. On the other hand, tube stretch increased monotonically with time
(strain) with no overshoot until it achieved its steady-state value. They concluded that the
stress overshoot is attributed to the orientation rather than the tube stretch. Cao and
Likhtman [114] performed Kremer-Grest type coarse-grained MD simulations over a
wider range of shear rates, namely 0.46 ≤ 𝑊𝑊𝑅 ≤ 6.9 (where 𝑊𝑊𝑅 ≡ 𝜏𝑅 𝛾̇ ), and examined
startup shear behavior of a mildly entangled linear polymer melt. These simulations also
showed that the origin of the overshoot at low shear rates is the orientation of the chains.
They also showed that the stress-optical law worked very well for 𝑊𝑊𝑅 ≤ 5.75. Jeong, et
al. [116] suggested that coarse-grained models could artificially result in large chain
stretch above a certain flow strength. To overcome such artifacts and clarify ambiguities,
they performed NEMD simulations of startup shear flows of a mildly entangled C400H802
melt, possessing about 6 entanglements under quiescent conditions. This group also
studied a wide range of shear rates, 18.6 ≤ 𝑊𝑊 ≤ 928 or 4.57 ≤ 𝑊𝑊𝑅 ≤ 229, mainly
focused on the chain stretching shear rate regime. They also concluded that the transient
behavior of the orientation tensor matched that of the stress tensor over a wide range of
shear rates. This conclusion is specifically important because it underlines the role of tube
segment orientation in a region where chain stretch was thought to be the origin of the
overshoot. It should be noted that this conclusion is in agreement with that of Nafar
Sefiddashti, et al. [110], who studied the transient behavior of C700H1402 at a very high
shear rate. However, unlike the latter group, Jeong, et al. [116] did not observe a clear
overshoot in tube stretch even at the highest shear rate they examined.
In this work, we study the transient and steady-state behavior of a well-entangled linear
polyethylene C1000H2002 melt under steady simple shear flow using nonequilibrium
molecular dynamics simulations. The entanglement density of C1000H2002 molecules is
about 13 entanglements per chain, which makes the simulation results comparable with
experimentally studied entangled liquids. These simulations, which are among the most
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accurate and detailed simulations of their kind, enable us to study some of the highly
debated phenomena of entangled polymer flows on a molecular level and consequently
investigate the molecular origins of some very strange phenomena, such as the stress
overshoot and undershoot upon startup of shear flow.

5.2

Simulation Methodology

Equilibrium and nonequilibrium molecular dynamics simulations of a monodisperse,
linear, C1000H2002 melt were performed in the NVT ensemble at a constant density of
0.766 g/cm3 (corresponding to a pressure of 1 atm) and constant temperature of 450 K.
Four different rectangular simulation boxes were chosen for different shear rate ranges in
order to minimize the computational cost by optimizing the simulation box size and
number of particles.
Table 5.1 summarizes the box sizes in various directions as well as the number of
particles and applicable Wi range. It is worth mentioning that in the nonlinear viscoelastic
regime (Wi > 1), the box dimension in the flow direction (x) was set to a longer length
compared to that in the gradient (y) and neutral (z) directions to ensure minimal system
size effects at high shear rates where chains orient and stretch in the direction of flow.
The sizes were chosen based on the approximation of the chain end-to-end distance at
different Wi for a shorter C700H1402 chain [97].
The Siepmann-Karaboni-Smit (SKS) united-atom potential model [62] was employed in
this work. This is the same as the potential model employed in many other prior
simulation studies [27-31,51,58,63,64,86,97,107,108,110] to represent energetic
interactions between either -CH3 for the end-groups of the chains or -CH2- groups for
interior carbon atoms along the chain. (Please refer to one of the cited references for a
detailed discussion of the SKS model equations and parameters.)
The SLLOD equations of motion were used to perform the NEMD simulations, which
were maintained at a constant temperature of 450 K using a Nosé-Hoover thermostat
[23,24,65-69,87]. The set of evolution equations for the particle positions and momenta
were implemented within the Large-scale Atomic/Molecular Massively Parallel
Table 5.1. The simulation boxes characteristics. 𝐿𝑥 , 𝐿𝑦 , and 𝐿𝑧 are box lengths in x, y,
and z dimensions, respectively.
𝑊𝑊

0-1.2
3.5-12
41-58
117-11,700

𝐿𝑦 and 𝐿𝑧 (Å)

𝐿𝑥 (Å)
84.7
169.3
254.0
508.0

84.7
84.7
84.7
84.7
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Number of particles
20,000
40,000
60,000
120,000

Simulator (LAMMPS) environment. Boundary conditions were periodic at all box
surfaces with a deforming simulation cell in the 𝑥 direction. The equations were
integrated using the reversible-Reference System Propagator Algorithm (r-RESPA) [88].
A wide range of Weissenberg numbers was examined over the interval [0; 0.01, 10,000],
corresponding to the equilibrium system and shear rates within the range 1.9 × 103 s −1 ≤
𝛾̇ ≤ 1.9 × 109 s −1 . The topological analysis was performed using the Z1 code developed
by Kröger [71], which reduces atomistic configurations to a primitive path network in
which the chains are not allowed to pass through each other as the algorithm
simultaneously minimizes the contour length of each polymer molecule [72]. This
method uses geometrical methods rather than dynamical algorithms to minimize the
contour lengths of primitive paths in the most computationally efficient manner. The
code further defines positions of kinks along the 3-dimensional primitive path of each
chain, which are assumed to be roughly proportional to the number of entanglements per
chain. Results of the code can be used to interpret other important reptative parameters,
such as the effective tube diameter and entanglement strand length. The Z1 method has
been compared with other topological analysis techniques by Shanbhag and Kröger [73].

5.3

Results and Discussion

5.3.1 Quiescent Properties
Equilibrium properties of the system can be calculated from the simulation results and
compared with the predictions of reptation theory. The ensemble average squared end-toend distance 〈𝑅 2 〉, and radius of gyration 〈𝑅𝑔 2 〉, are calculated as 20,107 Å2 and 3,353 Å2
respectively, directly from the equilibrium simulation results. The theoretical fully
extended chain end-to-end distance |𝐑|max , for C1000H2002 molecules is 1,290.2 Å. These
values may be used to approximate the Kuhn length as = 〈R2 〉⁄|𝐑|max = 15.58 Å , and
the number of Kuhn segments as 𝑁 = 〈𝑅 2 〉⁄𝑏 2 = 82.79 ≈ 83. Entanglement network
properties were evaluated using the Z1-code [71]. Specifically, the average primitive
chain contour length, 〈𝐿〉 = 508.6 Å, was based on this analysis. These are basic
properties of the system that can be used along with the reptation theory formulas in
order to estimate other (theoretical) properties of the system, as follows. The ensemble
average entanglement density is estimated as
〈𝐿〉 𝑁𝑏 2
〈𝐿〉2
𝑍=
= 2 = 2 ,
〈𝑅 〉
𝑎
𝑎

(5.1)

where 𝑎 is the tube diameter. From this expression, 𝑍 = 12.9 and 𝑎 = 〈𝐿〉⁄𝑍 =
〈𝑅 2 〉1/2⁄𝑍1/2 = 39.5 Å. All of these values are in good agreement with predictions for
C400H802 and C700H1402 molecules in our prior work [86,97,108]. The entanglement
molecular weight was reported by Fetters, et al. [76] for polyethylene at 443 K as
𝑀𝑒 = 1150 g/mol, which can be used to estimate an experimental entanglement density
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of 𝑍 = 𝑀⁄𝑀𝑒 = 12.9, and tube diameter 𝑎 = 〈𝑅 2 〉1/2⁄𝑍1/2 = 40.6 Å. These values are
in good agreement with the simulation results.

The diffusivity of the liquid can be evaluated from the slope of the chain center-of-mass
mean-square displacement (MSD) versus time. According to its definition, 𝐷𝐺 is 1/6 of
this slope at long times:
𝐷𝐺 = lim

𝑡→∞

1
〈(𝑅𝐺 (𝑡 + 𝜏) − 𝑅𝐺 (𝜏))2 〉,
6𝑡

(5.2)

where 𝑅𝐺 (𝑡) is the position of the chain center of mass at time 𝑡. Using this method the
diffusivity of C1000H2002 turns out to be 1.28 × 10−12 m2 /s. Note that this value makes it
possible to calculate a key model parameter of the theory, the friction coefficient ξ [26]:
𝑘𝐵 𝑇 𝑎2
,
3𝑁 2 𝜉𝑏 2
where 𝑘𝐵 is the Boltzmann constant, and 𝑇 is the absolute temperature.
𝐷𝐺 =

(5.3)

According to reptation theory, the Rouse and disengagement timescales are governed by
the expressions [26]
𝜉𝑁 2 𝑏 2
𝜏𝑅 = 2
,
3𝜋 𝑘𝐵 𝑇

1 𝜉𝑁 3 𝑏 4
𝜏𝑑 = 2
.
𝜋 𝑘𝐵 𝑇 𝑎2

Substituting ξ from Eq. (5.3) into Eq. (5.4), 𝜏𝑑 can be expressed as a function of 𝐷𝐺 :
𝜏𝑑 =

1 𝑅2
.
3𝜋 2 𝐷𝐺

𝜏𝑒 =

𝜋 𝑅2
,
36 𝐷𝐺 𝑍 3

(5.4)
(5.5)

(5.6)

Hence, the theoretical value of the disengagement time (i.e., according to the equations of
reptation theory after 𝐷𝐺 has been estimated from the simulations) is calculated as 5,305
ns. Note that from Eqs. (5.1), (5.4), and (5.5) the ratio 𝜏𝑑 ⁄𝜏𝑅 = 3𝑍, which leads to a
theoretical Rouse time of 137 ns. The entanglement time is governed by the reptationbased equation [86]
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(5.7)

which gives a value of 6.4 ns. This is very close to the values calculated for C400H802 and
C700H1402 (5.1 ns and 6.4 ns, respectively), which agree with theoretical arguments
suggesting that the entanglement time is independent of the molecular weight of polymer.
The characteristic relaxation times could also be estimated directly from the equilibrium
simulation results from the characteristic breaks in the segmental mean square
displacement (MSD) plot versus time [26]. The segmental MSD is defined as 𝜑(𝑡) =
2
〈�𝐫𝐧 (𝑡 + 𝜏) − 𝐫𝐧 (𝜏)� 〉, where 𝐫𝐧 is the position vector of the 𝑛-th monomer (i.e., the 𝑛-th
-CH2- unit). In order to minimize chain-end effects in these calculations, only 500
monomers in the middle of the chains were included. The details of the calculations are
explained in prior works [86,97]. Figure 5.1 displays these plots for very short times (a)
and long times (b). As shown in the figure, the disengagement, Rouse, and entanglement
times turn out to be, respectively, 5,834 ns, 194 ns, and 2.7 ns. Both the Rouse and
disengagement times look to be overpredicted compared to the theoretical values. Also,
the ratio τd ⁄3τR = 10 which is smaller than the expected theoretical value of Z = 12.9,
which suggests that the Rouse time is significantly overpredicted by this method. On the
other hand, 𝜏𝑒 is underpredicted compared to the theoretical value; however, it is in good
agreement with those calculated for C400H802 and C700H1402 melts using the same method.
A robust method for direct calculation of the disengagement time from the simulation
data is to fit a sum of exponential functions to the autocorrelation function of the chain
end-to-end vector 〈𝐮𝐢 (𝜏) ∙ 𝐮𝐢 (𝜏 + 𝑡)〉 = ∑𝑝𝑖=1 𝑐𝑖 exp(−𝑡⁄𝜏𝑖 ), where the longest value of 𝜏𝑖
is considered as the disengagement time. 𝑝 is the minimum number of exponential terms
(5 in this case) that results in the best fit, and 𝑐𝑖 are fitting constants of order unity. The
disengagement time, based on this method, is calculated to be 5,270 ns, which agrees
very well with the theoretical prediction (5,305 ns).
Figure 5.2 displays a log-log plot of the Rouse and disengagement times versus chain
length (number of monomers per chain), as well as their relevant power-law fitting and
exponents. The data for C400H802 and C700H1402 chains are obtained from prior work
[86,97]. These plots show that the power-law exponents for the disengagement time
calculated from either the theoretical method or the fitting method are about 3.3±0.1, in
good agreement with experimental measurements for entangled polymers. This suggests
that all physical phenomena, including the contour length fluctuations (CLF), constraint
release (CR), and of course reptation, are captured well by the simulations under
quiescent conditions. One may expect a power-law exponent of 3.0 for the theoretical
values of the disengagement time based on reptation model predictions alone. However,
it should be noted that although Eqs. (5.3) - (5.5) are used for calculation of theoretical
characteristic times, the diffusivity (or equivalently the friction coefficient) is calculated
from the simulation results and consequently includes all important physical phenomena,
as explained earlier. In fact, the power-law exponent for the diffusivity itself is -2.3, in
agreement with experimentally observed values [26,89]. The same analysis is valid for
2.2
the power-law exponent of theoretical Rouse time, which scales as 𝑁𝑚
rather than the
theoretical exponent of 2, which again should be attributed to the CLF and CR effects
[97]. Table 5.2 summarizes the results of the calculations for the equilibrium
121

Figure 5.1. Short (a) and long (b) timescale segmental MSD versus time of the (500)
centermost chain atomic units.
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Figure 5.2. Characteristic timescales as functions of molecular length. Power-law
exponents are in agreement with experimental observations.

Table 5.2. The three relaxation times for the C1000H2002 melt calculated according to
reptation theory and segmental mean-square displacement (MSD) data.
Relaxation time
𝜏𝑒 (ns)
𝜏𝑅 (ns)
𝜏𝑑 (ns)

Theory

MSD

6.4
137
5305

2.7
194
5834
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characteristic relaxation times of the C1000H2002 melt obtained from the three methods. In
the rest of this chapter, we use the values 𝜏𝑑 = 5,270 ns, 𝜏𝑅 = 137 ns, and 𝜏𝑒 = 6.4 ns
for the characteristic time scales of the C1000H2002 melt.
5.3.2 Steady Shear Flow Properties
5.3.2.1 Steady State Structural and Topological Properties
Structural and topological properties of C1000H2002 molecules are qualitatively very
similar to those of C400H802 and C700H1402 chains, which were discussed in detail in
preceding chapters and prior work [32,86,97,108]. Specifically, these properties can be
categorized within four distinct shear rate regions as will be discussed. Here, we present
these results concisely. Interested readers car refer to the cited references for a more
comprehensive discussion. The probability distribution function (PDF) of the chain
normalized end-to-end distance and the chain size (measured in terms of ensemble
averages of chain end-to-end distance and six times the radius of gyration) are displayed
for various values of 𝑊𝑊 in Figures 5.3(a) and 5.3(b). In the linear viscoelastic regime
(𝑊𝑊 ≤ 1), the distributions are Gaussian and remain essentially unchanged compared to
the quiescent state. The ensemble averages of the squared end-to-end distance and (6
times the) radius of gyration also remain constant and almost equal to each other in this
regime. This suggests that the flow is too weak in this region to significantly perturb the
global molecular sizes. Note that the ratio 〈𝑅 2 〉�〈𝑅𝑔2 〉 approaches 6 for long flexible
Gaussian chains. Nevertheless, it is strong enough to begin aligning the molecules in the
flow direction. Figure 5.3(c) displays the ensemble average orientation angle 〈𝜃〉 as a
function of Wi. 〈𝜃〉 is calculated as the angle between the principal eigenvector of the
ensemble average of the unit end-to-end vector dyadic product, 〈𝒖𝑖 𝒖𝑖 〉 and the flow (𝑥)
direction. The orientation angle decreases from the zero-shear-rate limit of 45° (not
shown in the figure) to about 30° at 𝑊𝑊 =1. Finally, the tube stretch is shown as a
function of 𝑊𝑊 in Fig. 5.3(d). The tube stretch is defined as the ratio 𝜆 = 𝐿⁄𝐿0 , where 𝐿0
is the quiescent primitive path length. Both 𝐿 and 𝐿0 are calculated from the Z1 code. No
chain stretch is observed in the linear viscoelastic region as expected.
As the flow enters the weakly nonlinear regime, 𝜏𝑑−1 < 𝛾̇ < 𝜏𝑅−1 (or equivalantly 1 <
𝑊𝑊 ≤ 38), the orientation angle drops dramatically to values smaller than 5 and plateaus
at a higher Wi. The distribution of the end-to-end distance begins deviating from the
equilibrium Gaussian distribution by developing a tail at higher values of |𝐑|⁄|𝐑|max ,
indicating that molecules have partially stretched due to the flow. Notably, the
distribution peak is still approximately the same as the equilibrium distribution, which
suggests that the overall conformation of a significant number of chains is not perturbed
considerably yet. The growth of molecular size and deviation from Gaussian behavior
can also be inferred from Fig. 5.3(b), especially for 𝑊𝑊 > 10 where 〈𝑅 2 〉 and 6〈𝑅𝑔2 〉 begin
to diverge. Interestingly, the tube stretch also begins to extend at a moderate rate in in this
region (Fig. 5.3(d)). This is an important observation because it contradicts the common
notion of tube-based models that no tube stretch occurs at 𝛾̇ < 𝜏𝑅−1 . Fig. 5.3(d) shows that
tubes are stretched up to about 16% at 𝛾̇ ~𝜏𝑅−1 , which is not negligible, although not
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Figure 5.3. Probability distribution of the normalized magnitude of the end-to-end vector
|𝐑|⁄|𝐑|max at various values of Wi (a), the mean-square of the end-to-end vector and 6
times the radius of gyration versus Wi (b), ensemble average chain orientation angle with
respect to the flow direction versus Wi (c), and tube stretch versus Wi (d).
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significant compared to the maximum theoretical tube stretch of 𝜆𝑚𝑚𝑚 = 𝑎⁄𝑏 = 2.68.

The next region is 𝜏𝑅−1 < 𝛾̇ < 𝜏𝑒−1 or approximately 40 ≤ 𝑊𝑊 < 800. This is the region
where vorticity excursions start playing an important role is the system properties.
Vorticity excursions induce the rotation and retraction cycles that individual molecules
experience in a quasi-periodic fashion at moderate and high shear rates. A typical cycle
begins as a chain molecule stretches and aligns in the flow direction (see Figure 5.4(c)).
At this point, due to the flow vorticity, chain ends fold backward along the spine of the
molecule and slide toward the middle of the chain until the molecule collapses into a
compressed configuration. Then the orientation of the chain flips as the chain ends cross
and the molecule unravels until it adopts a stretched conformation again that concludes a
half cycle. At the lower end of this range (𝑊𝑊 = 40 to 100), the cycle is very irregular,
almost chaotic. Here, the molecule will reside in the compressed state for a long period of
time (see Fig. 5.4(a)). Under this condition, the chain ends that are very close to each
other and wiggling due to Brownian motions, pass each other back and forth multiple
times before the molecule begins to be stretched again. As a consequence, the orientation
angle of the chain end-to-end vector oscillates haphazardly between −90° and 90° as
evident in Fig. 5.4(a). During a cycle, the chain end-to-end distance varies dramatically
from high values associated with the stretched configurations to values that are even
smaller than the average equilibrium end-to-end distance. This is manifested in the wide
non-Gaussian probability distribution function at this flow regime, as displayed in
Fig. 5.3(a). Specifically, the peak at low values of |𝐑|⁄|𝐑|max shifts to the left as Wi
increases and becomes smaller than the equilibrium peak, indicating the increasing
population of the collapsed configurations during the course of the excursion cycle. At
the same time, the ensemble average molecule size (Fig. 5.3(b)) and tube stretch
(Figure 5.3(d)) increase with Wi in this flow region. Based on theoretical arguments, this
is the region wherein tube stretch begins and becomes significant. As mentioned earlier,
Fig. 5.3(d) shows that the tube stretch begins at lower flow strength; however, tube
stretching in this flow region is not quite similar to that at lower Wi. In this region, 𝜆
scales as 𝜆0.056 while this power-law exponent is 0.038 in the range 𝜏𝑑−1 < 𝛾̇ < 𝜏𝑅−1,
which is significantly smaller. This suggests that the tube stretch has an influential
contribution to shear stress and is a major relaxation mechanism in this intermediate flow
strength regime. Note that the time average orientation angle of the molecules is very
close its plateau value, and does not change significantly, indicating that the chains are
almost completely aligned in the flow direction on a length scale of molecular size (but
not necessarily the tube segment length scale).
The last flow regime is the strong flow region where 𝛾̇ > 𝜏𝑒−1 , or approximately 𝑊𝑊 >
800. Although the molecules continue to stretch in this region (Fig. 5.3(b) and
Fig. 5.3(d)), the molecule size and the tube stretch move toward plateau values, which are
significantly smaller than their corresponding maximum theoretical values. The tube
stretch curve has an inflection point around 𝛾̇ ~𝜏𝑒−1 where the curvature sign flips from a
positive value to a negative one. This signals a new regime where the tube stretch
becomes a less effective relaxation mechanism as it gets closer to its plateau value. On
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Figure 5.4. Normalized end-to-end vector and orientation angle vs. time for a random
chain at Wi = 58 (a), and Wi = 1,170 (b), and a time progression of configurations of a
random chain at Wi = 117 (c).
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the other hand, chain rotation or vorticity excursions become more important, and finally
the dominant mechanism as Wi increases. The shape of the end-to-end distance
distribution curve is also very different in this high Wi region compared to that at lower
Wi regimes. Specifically, the distributions become relatively flat with a characteristic
rotational peak at low |𝐑|⁄|𝐑 ma𝐱 | and a stretch peak that emerges at very high Wi. (See
Fig. 5.3(a). The stretch peaks can be easily recognized in C400H802 and C700H1402 systems
[108].) These flat distributions that become wider as Wi increases could be attributed to
the more regular molecular rotation cycles at very high shear rates as discussed by Nafar
Sefiddashti, et al. [86]. The skewed distributions at the intermediate Wi regime suggest
that either during a rotation cycle individual molecules spend on average a longer time at
collapsed (or less stretched) configurations than they do at relatively stretched
configurations, or some of the chains have not yet stretched enough to begin their rotation
cycles (see Fig. 5.4(a)). Both cases lead to unbalanced lifetimes for various
configurations, and consequently irregular rotation cycles. Within the high Wi regime, on
the other hand, molecules undergo more regular periodic cycles. Hence various
configurations between a highly stretched chain and a tightly packed coil have fairly
similar lifetimes or probabilities (see Fig. 5.4(b)), which manifest in the flat probability
distribution of the end-to-end distance.
Figure 5.5 shows the entanglement network properties of the C1000H2002 melt at various
Wi. The ensemble average entanglement density and the probability distribution function
for the entanglement density are displayed in panels (a) and (c) respectively. Panel (b)
shows the tube diameter, determined as the step length of the primitive path 𝑎 =
〈𝐿〉⁄(〈𝑍𝑘 〉⁄2) [86,97]. The probability distribution function of the primitive path contour
length is also shown in panel (d) for various values of Wi. Note that the primitive path
contour length 〈𝐿〉 is essentially commensurate with the tube stretch, 𝜆 (see Fig. 5.3(d)),
which is the normalized primitive path contour length. These plots show that, within the
linear viscoelastic regime, the entanglement network is practically unperturbed as
compared to quiescent conditions. Specifically, the entanglement density and tube
diameter do not change as the flow strength increases. The probability distribution
function for the entanglement density, 𝑃(𝑍𝑘 ), follows a Poisson distribution and is
independent of Wi in this regime. 𝑃(𝐿) exhibits a similar behavior, except that it follows
a Gaussian distribution. As Wi increases and flow enters the nonlinear viscoelastic
regime, molecules begin to lose their entanglements. Notably, there is no sharp boundary
between the second (1 < 𝑊𝑊 ≤ 38) and the third 58 ≤ 𝑊𝑊 < 800) flow regimes, as
discussed for the structural properties of the system. Rather, there is an initial stage of
convective constraint release where the chains disentangle at a moderate rate in the
region 1 < 𝑊𝑖 < 500 such that 〈𝑍〉~𝑊𝑊 −0.08 . Accordingly, the tube diameter increases
moderately in this region. The probability distribution function for the entanglement
density 𝑃(𝑍𝑘 ) shifts to the left with increasing Wi as the chains lose their entanglements.
The shape of the distribution, however, remains approximately similar to that of the
linear viscoelastic regime and still follows a Poisson distribution very well. On the other
hand, 𝑃(𝐿) shifts to the right and becomes wider (i.e., with a higher standard deviation).
Nevertheless, the distribution continues to follow a Gaussian distribution very well.
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Figure 5.5. Average number of entanglements per chain versus Wi (a), the effective tube
diameter versus Wi (b), and probability distributions of the number of entaglements per
chain (c) and the primitive path contour length (d) at various values of Wi.
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These results suggest that, although by the end of this flow regime the system loses about
30% of its entanglements, the nature of the entanglement network does not change
radically. Note that even at the highest flow strength in this regime, none of the chains
has lost all of its entanglements. For instance the curve for 𝑊𝑊 = 117 in Fig. 5.5(c)
shows that all molecules possess 5 or more kinks. These are very different from the
entanglement network properties at high flow strength regime.
At higher flow strength, (i.e., 𝑊𝑊 ≥ 585), the entanglement density begins to drop
dramatically as Wi increases, with a power-law exponent of 𝑍 −0.35 . The tube diameter
also increases dramatically in this region, such that at 𝑊𝑊 = 2,340 the tube diameter
grows almost as large as the molecular radius of gyration. This means that a molecule
could diffuse as far as its size without even feeling the confining tube. This interpretation
essentially questions the existence of a tube or of an entangled system. This can be better
understood by examining the probability distribution of the entanglement density.
Figure 5.5(c) shows that the distributions begin to deviate somewhat from Poisson
distributions. More importantly, these distributions suggest that, unlike before, in this
flow region some of the molecules have lost all their entanglements and hence became
virtually unentangled. The distribution of the primitive path contour length also deviates
considerably from the Gaussian distribution in this region. All of these observations
suggest that the entanglement network is effectively destroyed due to the strong flow.
This also might explain why the system behavior at such high shear rates resembles a
dilute solution, as has been argued for shorter C400H802 and C700H1402 chains [86,108]. In
this regime, the tumbling cycles are comparatively more regular, similar to those of dilute
solutions. Tube stretch approaches its plateau value as vorticity excursions become the
dominant relaxation mechanism.
Figure 5.6 displays the important characteristic time scales of the system as functions of
Wi. These time scales are calculated based on fitting the autocorrelation function data of
the
end-to-end
vector
with
a
functional
form
〈𝐮i (τ) ∙ 𝐮i (τ + t)〉 = exp(−𝑡⁄𝜏𝑑 ) cos(2𝜋𝜋 ⁄𝜏𝑟𝑟𝑟 ). Hence, 𝜏𝑑 is the decorrelation time of
the end-to-end vector that is equal to the longest relaxation timescale or the
disengagement time of the polymer at quiescent conditions and within the linear
viscoelastic regime. 𝜏𝑟𝑟𝑟 quantifies the period of the rotation and retraction cycle of
molecules, or the vorticty excursions, assuming that the cycles are quasi-periodic. A
characteristic time for the vorticity excursion can be defined conceptually as 𝜏𝑟 =
2𝜋⁄𝜏𝑟𝑟𝑟 [97], displayed with diamonds in Fig. 5.6.
These results show that 𝜏𝑑 does not significantly change, not only in the linear
viscoelastic region but also in nonlinear regime for 𝑊𝑊 ≤ 12. At higher shear rates, the
relaxation time decreases with a power-law exponent -0.71±0.06. This is consistent with
the scaling exponents of C400H802 and C700H1402 at high shear rates. Note that unlike for
C1000H2002, the relaxation times for C400H802 and C700H1402 decrease with shear rate at all
𝑊𝑊 > 1, and hence a separate power-law exponent for 𝜏𝑑−1 < 𝛾̇ < 𝜏𝑒−1 regime was
reported in prior work [86,97,108]. However, a separate scaling factor for low Wi looks
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Figure 5.6. The three characteristic times (𝜏𝑑 , 𝜏𝑟𝑟𝑟 , and 𝜏𝑟 ) of C1000H2002 melt versus Wi.
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to be irrelevant here. This is perhaps because of the higher entanglement density of
C1000H2002, which delays a meaningful change in the relaxation time until approximately
𝑊𝑊 = 10. 𝜏𝑟𝑟𝑟 also exhibits a power-law behavior that scales as 𝛾̇ −0.7±0.07 with the flow
strength. Although this value is slightly smaller than those of C400H802 and C700H1402
melts (-078 and -0.75 respectively), they are in reasonable agreement within the statistical
bounds. The ratio 𝜏𝑟𝑟𝑟 ⁄𝜏𝑑 is 7.3 for all 𝑊𝑊 ≥ 50, which is fairly close to 2𝜋. This is why
𝜏𝑟 is effectively equal to 𝜏𝑑 in this region, which suggests that the molecules forget their
initial conformations and relax mainly through vorticity excursions at 𝛾̇ ≥ 𝜏𝑅−1 .

5.3.2.1 Transient Response
In this section, the transient rheological and structural responses of the system to startup
of shear flow are examined in an attempt to investigate the origin of the stress overshoot
and undershoot in entangled liquids. Figure 5.7 displays transient dimensionless shear
viscosity (viscosity growth, 𝜂+ ) as well as the 𝑆𝑥𝑥 component of the tube segmental
orientation tensor 𝐒, tube stretch 𝜆, and normalized entanglement density at various
values of 𝑊𝑊, all as functions of time, upon start-up of shear flow. The average
orientation tensor of the tube segments is defined as 𝐒 = 〈𝐮𝑡 𝐮𝑡 〉, where 𝐮𝑡 is the unit
end-to-end vector of an entanglement strand. Knowing the positions of the entanglements
(kinks) along the chain from the Z1 code, the end-to-end vectors of the entanglement
strands can then be easily identified, and the appropriate ensemble averages of the
components of the orientation tensor are readily calculated from the NEMD data. The
tube orientation tensor is one of the key parameters in tube-based models. The other key
parameter in such models is the tube stretch, 𝜆, which can be obtained from the Z1 code
as well. It should be noted that this parameter is very sensitive to the box shape when
calculated using the Z1 code. Since the box shape continuously changes during the
simulation due to the Lagrangian rhomboid periodic boundary conditions, it is not very
easy to calculate transient tube stretch using the Z1 code. A solution to this problem is to
calculate the tube stretch only at time steps when the box is rectangular or slightly (for
instance, less than 5%) tilted. Tube stretch curves in Fig. 5.7 are obtained using this
method. A major disadvantage of this method is that it significantly reduces the
resolution of data, which could lead to the loss of important dynamical features such as
an overshoot or undershoot. Unlike the tube stretch, the entanglement density is not very
sensitive to the simulation box shape. Since the entanglement density has essentially
similar dynamics as the primitive path contour length (and equivalently, the tube stretch),
it can be employed to estimate the overshoot and undershoot times in the tube stretch.
Note that an overshoot in tube stretch corresponds an undershoot in entanglement
density, and vice-versa.
From Fig. 5.7, it appears that the dynamic response of shear viscosity and 𝑆𝑥𝑥 are roughly
synchronized over a wide range of 𝑊𝑊. Specifically, the overshoot and undershoot of
transient viscosity (if any) occur approximately at the same time as those of the 𝑆𝑥𝑥
component of the tube orientation tensor. On the contrary, tube stretch and entanglement
density respond to the applied flow field with a notable lag as compared to 𝜂 + and 𝑆𝑥𝑥 . It
is worth noting that the displayed 𝑊𝑊 numbers represent various flow regimes: 𝑊𝑊 = 12
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Figure 5.7. Dimensionless shear viscosity (blue), the 𝑆𝑥𝑥 component of the tube
segmental orientation tensor (red), tube stretch 𝜆 (purple), and normalized entanglement
density (green) versus time, upon startup of shear flow at 𝑊𝑊 = 12 (a), 𝑊𝑊 = 41 (c),
𝑊𝑊 = 117 (c), and 𝑊𝑊 = 585 (d).
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lies in 𝑊𝑊𝑅 < 1 regime where tube stretch is negligible; 𝑊𝑊 = 41 is approximately at the
boundary between the non-stretching and stretching regimes; 𝑊𝑊 = 117 is well within
the regime where tube stretch is significant, and 𝑊𝑊 = 585 is within the regime where
vorticity excursions are dominant. It should also be noted that this classification is based
on the steady-state responses and that this classification might not necessarily remain
valid in transient situations. For instance, whereas the tube stretch is minor at 𝑊𝑊𝑅 <
1, it could exhibit an overshoot in transient situaitons (e.g., see the corresponding
undershoot in 𝑍𝑘 in Fig. 5.7(a)). Although the magnitude of the shear viscosity (and
stress) is a function of both tube orientation, 𝑆𝑥𝑥 , and stretch, 𝜆, these plots suggest that
the dynamics of shear viscosity are mainly influenced by the tube segment orientation,
𝑆𝑥𝑥 , which indicates that the principal origin of stress overshoot and undershoot is
possibly due to tube segmental orientation. These plots also show that there is no
significant undershoot in 𝜆 (or equivalently, an overshoot in 𝑍𝑘 ) at any 𝑊𝑊. This
observation, that also applies to other shear rates (not shown in Fig. 5.7), practically rules
out tube stretch as the origin of the stress undershoot at high shear rates.
Figure 5.8 shows the overshoot (panel (a)) and undershoot (panel (b)) times for the
transient viscosity and 𝑆𝑥𝑥 component of the tube orientation tensor as functions of 𝑊𝑊. It
also displays the undershoot time for the entanglement density in both panels for
comparison. Note that an undershoot in 𝑍𝑘 corresponds to an overshoot in 𝜆, as discussed
before. It is evident that the transient viscosity overshoot and undershoot times
effectively overlap with those of 𝑆𝑥𝑥 at all 𝑊𝑊 < 585. At higher 𝑊𝑊, although these two
curves look to be diverging, the difference between the two times is not significant,
considering the error associated with extracting these small values from the noisy data, as
shown in Fig. 5.7. On the other hand, it is obvious that there is a significant difference
between the undershoot time in 𝑍𝑘 and either the overshoot and undershoot times of shear
viscosity. These results again imply that both the stress overshoot and undershoot are
originated from similar phenomena in the tube segmental orientation. This conclusion is
in agreement with what we observed for C700H1402 [110] at high shear rates (see Sec. 4.3).
It also agrees with the results of Cao and Likhtman [114] for unentangled and mildly
entangled systems, indicating that the origin of the stress overshoot at low shear rates is
the orientation of the chains rather than chain stretching. Jeong, et al. [116] also
attributed the stress overshoot to the segmental orientation in a wide range of flow
strength for a mildly entangled C400H802 polyethylene melt. However, unlike our results,
they did not observe a clear overshoot in the primitive path of the contour length (and
hence in the tube stretch) even at very strong flow fields. This may be due to the
relatively low entanglement density of the C400H802 molecules in their NEMD
simulations.
Figure 5.9 displays the shear strain, 𝛾, at the times of overshoot (panel (a)) and
undershoot (panel (b)) in the transient viscosity and 𝑆𝑥𝑥 component of the tube
orientation tensor, as functions of 𝑊𝑊. Shear strain expresses the theoretical deformation
due to the applied flow field which is calculated as 𝛾 = 𝛾̇ 𝑡. This figure also shows the
strain at the undershoot time for the entanglement density in both panels for comparison.
134

Figure 5.8. Overshoot (a) and undershoot (b) times for the transient viscosity 𝜂 + , and 𝑆𝑥𝑥
component of the tube orientation tensor as well as undershoot time for the entanglement
density as a function of 𝑊𝑊 in both panels.
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Figure 5.9. Shear strain, 𝛾, at the times of overshoot (a) and undershoot (b) in the
transient viscosity 𝜂+ , and 𝑆𝑥𝑥 component of the tube orientation tensor as well as strain
at the undershoot time for the entanglement density as a function of 𝑊𝑊.
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The agreement between 𝜂+ and 𝑆𝑥𝑥 curves in the region 𝑊𝑊 < 585 is not surprising,
considering the results of Fig. 5.8 and how the strain is calculated. The important point to
notice here is that up to very high 𝑊𝑊 the overshoot in 𝑆𝑥𝑥 occurs at about 𝛾 = 2
consistently. This suggests that regardless of flow strength, the material deforms affinely
during the initial 2 strain units until 𝑆𝑥𝑥 attains a maximum. However, it does not look to
be the case at later times that 𝑆𝑥𝑥 passes beyond its minimum, especially at intermediate
and high 𝑊𝑊 as evident from Fig. 5.9(b). It is also worth noting that the strain at the
maximum of viscosity is roughly 2 at low and intermediate 𝑊𝑊, in agreement with the
prediction of the Doi-Edwards model [36] and shifts to higher values for 𝑊𝑊 ≥ 585. The
experimental value of strain at stress overshoot is also about 2 at low shear rates. It,
however, shifts to higher strains, as shear rate exceeds 𝜏𝑅−1 [117].

The discussion about the overshoot and undershoot dynamics in the last few paragraphs
should not lead to misinterpretation about the role of tube stretch in the stress overshoot
and undershoot. Figure 5.10(a) shows the magnitude of the overshoots in the normalized
shear stress and tube orientation 𝑆𝑜𝑜
𝑥𝑥 , versus 𝑊𝑊. The shear stress is normalized with the
0
plateau modulus calculated as 𝐺𝑁 = (4/5)𝜐𝑘𝐵 𝑇, where 𝜐 is the number of entanglements
per unit volume, 𝑘𝐵 is the Boltzmann constant, and 𝑇 is the absolute temperature [36].
Figure 5.10 also displays the magnitude of the tube stretch at the time of stress overshoot.
Note that this quantity is different from the magnitude of the tube stretch overshoot. It is
evident from this figure that for 𝑊𝑊 < 585 the shear stress closely mimics 𝑆𝑜𝑜
𝑥𝑥 , while the
tube stretch is fairly close to the equilibrium value of unity, or mildly greater than that.
This suggests that in this region tube stretch has a minor or negligible contribution to the
𝑜𝑜
stress overshoot, 𝜎𝑜𝑜
𝑥𝑥 . At higher shear rates, whereas 𝑆𝑥𝑥 looks to become saturated and
remain roughly constant, 𝜎𝑜𝑜
𝑥𝑥 increases quickly as 𝑊𝑊 increases. The tube stretch in this
region also begins to increase and diverge from its equilibrium value. This indicates that
although the dynamics of the stress overshoot are essentially controlled by the tube
segmental orientation (as discussed in the last paragraph), its magnitude is significantly
influenced by the tube stretch at high flow strength. A similar argument can be made for
the stress undershoot—see Fig. 5.10(b). This conclusion can be rationalized by
hypothesizing that the tube stretch is itself originated from the tube orientation or another
dynamic variable. It is however immediately evident from Fig. 5.7 that 𝑆𝑥𝑥 component
could not be that variable, considering the significant differences between the features of
𝑆𝑥𝑥 and 𝜆 plots in this figure.
Figure 5.11 shows the undershoot time for the entanglement density as well as the
overshoot time for the ensemble average squared end-to-end distance 〈𝑅2 〉, and the
normal (diagonal) components 𝑆𝑥𝑥 , 𝑆𝑦𝑦 , and 𝑆𝑧𝑧 of the tube orientation tensor. Overall,
this figure shows that the overshoot times of these variables roughly overlap, within a
wide range of 𝑊𝑊 including mildly to strongly nonlinear viscoelastic flow regimes.
Specifically, there is a good agreement between the undershoot time of 𝑍𝑘 and that of
〈𝑅2 〉. It should be emphasized that 〈𝑅2 〉 is essentially the trace of the ensemble average
chain conformation tensor and represents the overall average extensional state of the
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Figure 5.10. Magnitudes of the normalized shear stress 𝜎𝑥𝑥 /𝐺𝑁0 , the 𝑆𝑥𝑥 component of the
tube orientation tensor, and the tube stretch 𝜆 at the stress overshoot (a) and undershoot
(b) times versus 𝑊𝑊.
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Figure 5.11. Comparison of the undershoot time for the entanglement density with the
overshoot times for the ensemble average squared end-to-end distance 〈𝑅2 〉, and the
normal (diagonal) components 𝑆𝑥𝑥 , 𝑆𝑦𝑦 , and 𝑆𝑧𝑧 of the tube orientation tensor.
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molecules. Figure 5.11 implies that the entanglement network, and hence tube stretch
dynamics, are mainly influenced by the diagonal components of the orientation tensor or
by the overall extensional properties of the molecules rather than the shear component.

5.4

Conclusions

Transient and steady-state dynamic responses of an entangled C1000H2002 polyethylene
melt were examined using NEMD simulations. Under quiescent conditions, reptation
theory could explain equilibrium properties fairly well. Under steady shear flow
conditions, four flow regimes were recognized in agreement with prior results for
moderately and mildly entangled C700H1402 and C400H802 liquids. The first regime is the
linear viscoelastic regime (𝛾̇ < 𝜏𝑑−1 ) where most of the structural and topological
properties of the system remain unperturbed compared to the quiescent conditions.
Orientation effects dominate the rheological response in this flow regime, although they
are quite weak.
In the second regime (𝜏𝑑−1 < 𝛾̇ < 𝜏𝑅−1), the molecules begin to align with the flow
direction and a significant degree of chain orientation is observed as Wi increases. Also,
the tube segments being to stretch mildly and chain molecules partially unravel and
disentagle as flow strength increases. However, the dominant relaxation mechanism in
this region is the orientation of the tube segments.
In the third regime (𝜏𝑅−1 < 𝛾̇ < 𝜏𝑒−1), while on average the chains are fully aligned with
the flow direction, the molecules’ disentangling accelerates and tube stretching dominates
the response. Also, the rotation of molecules become a significant source of the overall
dynamic response.
In the fourth regime (𝛾̇ > 𝜏𝑒−1 ), the chain stretching decelerates, and tube stretch
approaches a plateau-like value. At the same time, flow-induced disentanglement
accelerates and the entanglement network begins to deteriorate such that some molecules
become completely devoid of entanglements. The vorticity excursions, on the other hand,
gradually become the dominant relaxation mechanism, and follow more regular cycles
compared to lower flow strengths.
The comparison of transient shear viscosity, 𝜂 + , with the dynamic responses of key
variables of the tube model, including the tube segmental orientation, 𝐒, and tube stretch,
𝜆, revealed that the stress overshoot and undershoot in steady shear flow of entangled
liquids are essentially originated and dynamically controlled by the 𝑆𝑥𝑥 component of the
tube orientation tensor, rather than the tube stretch 𝜆, over a wide range of flow strengths
including shear rates faster than 𝜏𝑅−1 . Nevertheless, the magnitude of the stress is
significantly affected by 𝜆 at high shear rates.
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CHAPTER SIX

A COIL-STRETCH TRANSITION IN PLANAR ELONGATIONAL
FLOW OF AN ENTANGLED POLYMERIC MELT

This chapter is based on the published paper:
Nafar Sefiddashti, M. H.; Edwards, B. J.; Khomami, B., Communication: A coil-stretch
transition in planar elongational flow of an entangled polymeric melt. J. Chem. Phys.
2018, 148 (14), 141103.
Understanding the behavior and dynamics of polymeric liquids under flow has been a
daunting challenge for well over a hundred years. Elongational flows in particular have
proven to be especially difficult to model since the imposed velocity gradient highly
stretches the flexible polymer macromolecules in the direction of flow while compressing
them in the orthogonal directions. These stretched chain configurations are far from the
equilibrium random coil conformations assumed by the individual macromolecules and
often lead to non-Newtonian properties being exhibited by these liquids. The prevailing
view over much of the history of polymer fluid dynamics was that the extent of
individual chain stretching could be characterized at steady state by a unimodal
distribution function whose peak narrowed and shifted to higher degrees of stretching as
the elongation rate increased—see, for general reference, Figure 6.3 below. This generic
behavior was assumed to hold true for all types of flexible macromolecular liquids,
ranging from unentangled dilute solutions to highly entangled concentrated solutions and
melts.
The prevailing view began to change in 1974 with the publication of the seminal work of
De Gennes [118] on what soon thereafter became known as the “coil-stretch transition.”
de Gennes used the elastic dumbbell model of kinetic theory to demonstrate that dilute
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solutions undergoing planar elongational flow could exhibit multiple steady-state
configurations at strain rates in the vicinity of 𝜏𝑅−1 , which is the reciprocal of the Rouse
timescale that governs the stretching of chain conformation. Two of these states are
physically stable (i.e., a bistable equilibrium), corresponding to a relatively coiled (C)
configuration and a relatively stretched (S) state, with a possible third state representing
an unstable (P) condition[118]. Whether or not multiple solution states appear is believed
to depend on the chain length of the macromolecules comprising the dilute solution. This
general behavior is illustrated in Figure 6.1(a) on a plot of extension, ℓ, vs. elongation
rate, 𝜀̇, for three different molecular weight linear polymers, denoted and ranked
according to MW1 < MW2 < MW3. For shorter chains, MW1 and MW2, fractional
extension of the macromolecule increases monotonically with increasing 𝜖̇, with the
steepness of the increase becoming much more dramatic in the neighborhood of 𝜀̇ ≈ 𝜏𝑅−1 .
In the case of the longest macromolecule, three distinct values of chain extension are
possible, as denoted by the points C, P, and S at 𝜀̇ref ≈ 𝜏𝑅−1 in Fig. 6.1(a). An interesting
consequence of the S-shaped profile of MW3 is the possibility that the configurational
state of the system is determined by the imposed kinematics: i.e., increasing 𝜀̇ up to 𝜀̇ref
from below would most likely result in the coiled state, C, whereas decreasing 𝜀̇ down to
𝜀̇ref from above would result in the stretched state S. This implies the possibility of the
existence of a hysteresis loop in the macromolecular configuration of the elongational
flow profile; such a possibility was noted by both De Gennes [118] and Tanner [119].
To make sense of the physical behavior described above, it is instructive to consider the
free energy profile of macromolecular chain configurations at 𝜀̇ref . Free energy is
characterized vs. extension in Fig. 6.1(b) for three different chain lengths at the strain rate
corresponding to the vertical line in Fig. 6.1(a). For shorter chains, there is only a single,
global minimum in the free energy, which shifts to higher values of extension as either
chain length or strain rate increases. For the longest chain, however, a second minimum
appears at a much higher value of extension, which is significantly separated from the
extrapolation of the original coiled state. Each minimum, as well as the maximum point
separating them, is a valid state point for the system, although the maximum is unstable.
Hence the configurational state of the macromolecular solution will be determined in
principle, at least at steady state, by the minimum point with the lower value of free
energy (i.e., the global minimum). Which state, C or S, is the global minimum depends
on the value of the strain rate, 𝜀̇, with the point P representing the activation barrier
between the two possible configurational states. The critical value of 𝜖̇ where the two
minima have the same depth, 𝜀̇ ∗ , is typically called the “coil-stretch transition” point, and
it represents a value of strain rate at which, even at infinite time, there is no preference
for one state over the other. The critical extension rate, expressed in terms of the
dimensionless Deborah number, 𝐷𝐷 = 𝜀̇𝜏, was later found by Larson and Magda [120] to
be 0.5, where 𝜏 is the longest relaxation time of the liquid (usually the Rouse time for
dilute solutions). For 𝜀̇ ≠ 𝜀̇ ∗ , either the C or S state is preferred, and although the
macromolecular configuration may be trapped within the local minimum for a period of
time, eventually the chain configuration should find its way over the activation barrier to
the global minimum at steady state. Unfortunately this temporarily trapping can
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Figure 6.1. Generic plots of extension, ℓ, vs. elongation rate, 𝜀̇, (a) and configurational
free energy, 𝐴, vs. extension (b) for three flexible linear macromolecules of differing
molecular weight such that MW1 < MW2 < MW3. The vertical line in panel (a)
corresponds to an applied strain rate of 𝜀̇ref . Points A and B are global minima
representing relatively coiled states at 𝜀̇ref , whereas points C and S are bistable,
representing both coiled and stretched configurations. Point P is unstable, and essentially
represents the height of the activation barrier between points C and S.
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potentially lead to ambiguous experimental observations since it can be very demanding
to achieve a steady-state condition under elongational flow.
In spite of the initial theoretical evidence suggesting the coil-stretch transition, a long
debate ensued regarding the existence of the S-shaped profile, evident in Fig. 6.1(a). 1a,
and its implications. Fang, et al. [12] argued against the S-shaped profile on theoretical
grounds, even going as far as to present a mathematical proof of its impossibility. Further
computer simulations of bead-spring chains by Wiest, et al. [121] revealed a completely
reversible, monotonic flow profile with no signs of a hysteresis. It should be noted,
however, that these authors did not examine the impact of macromolecular free energy on
the configurational flow profile; i.e., the authors’ choice of diffusion equation (itself
merely an approximation of real fluid behavior) was only consistent with a single-well
free energy potential function. Furthermore, even if their analysis were consistent with a
double-well potential function, their solution would evolve to the infinite-time global
minimum at the steady-state limit; consequently, their arguments overlook the possibility
that the macromolecular conformation could become trapped in a distinct configuration
other than the one corresponding to the global free energy minimum over the
(insufficiently long) duration of the experiment.
With equally credible evidence suggesting both the existence and non-existence of the
coil-stretch transition, the debate continued until experimental instrumentation evolved to
the point where direct visualization of macromolecular configurations could be
implemented under elongational flow. Perkins et al. [40,122] directly visualized
individual fluorescently labelled DNA molecules in dilute solution subjected to planar
elongational flow and observed that different but identical molecules deformed under
flow over greatly varying timescales, which were effectively governed by the specific
configuration of the random conformation of the chain at the instant of flow inception.
The implication of these observations was that any apparent dramatic increase in chain
extension at a critical value of strain rate was primarily a manifestation of steady-state
behavior in the infinite-time limit (i.e., after all the chains had eventually extended) and
was not an indication that each individual chain had suddenly experienced an abrupt
unravelling. When only those molecules that had attained a steady-state extension during
the duration of the experiment were considered, it was possible to identify a hypothetical
coil-stretch transition near the predicted value of 𝐷𝐷 = 0.5.

Schroeder, et al. [123] also performed direct visualization experiments on fluorescently
dyed DNA molecules with contour lengths of 575 μm and 1300 μm in dilute solution
under planar extensional flow over a wide range of strain rates. At each applied strain rate
(quantified in terms of 𝐷𝐷), two distinct experiments were conducted to determine if a
hysteresis was evident in the macromolecular configurational response, one in which the
strain rate was imposed from the quiescent state and another in which the strain rate was
reduced to the equivalent value of the first experiment after pre-straining the material at a
very high rate (𝐷𝐷 ≥ 5). For the case of the shorter molecule, no hysteresis was evident
as the initially extended molecules gradually recoiled to the same extension value as the
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molecules that had been slowly stretched from the quiescent condition. In the case of the
longer molecule, however, clear signs of a bistable steady state were evident in the range
of 𝐷𝐷 ∈ (0.3,0.6), implying a hysteresis behavior very similar to that predicted by de
Gennes three decades earlier. Furthermore, the authors performed Brownian dynamics
simulations of a bead-spring chain in dilute solution and observed a similar hysteresis
effect and also determined the conformational free energy landscape of the flow system,
which exhibited a double-well potential similar to that of Fig. 6.1(b) within the same
range of 𝐷𝐷 in which bistable steady states had been observed in the experiments.
Dilute solutions are just one type of polymeric liquid and are not necessarily the most
ubiquitous. Industrial processing of plastics and fibers is primarily concerned with
concentrated solutions and melts, both of which are composed of densely packed and
highly entangled macromolecules. To date, most theoretical and experimental studies of
the coil-stretch transition have examined dilute solutions simply because they are the
easiest to analyze theoretically and to visualize experimentally, primarily because the
individual macromolecules do not interact with each other. Indeed, for entangled
concentrated solutions or melts, there exists no conclusive evidence to date, either
theoretical or experimental, of a coil-stretch transition in polymer melts or concentrated
solutions. From an experimental perspective, visualization of individual chains in a dense
liquid is fraught with difficulties that must be overcome in order to collect meaningful
statistical data, including the fact that the individual polymer chains mutually interact and
thereby greatly influence each other’s dynamical behavior.

In this study, we examined the dynamics of individual molecules comprising entangled
polyethylene melts undergoing planar elongational flow via “virtual experimentation;”
i.e., using equilibrium and nonequilibrium molecular dynamics (NEMD) simulations of
realistic atomistic chains at actual experimental state points. NEMD simulations of
monodisperse linear C700H1402 and C1000H2002 melts were performed in the NVT statistical
ensemble at 450 K and the experimental density of 0.766 g/cm3 using the SiepmannKaraboni-Smit (SKS) united-atom potential model,[62] as discussed by Nafar
Sefiddashti, et al. [86] This model has been used in many studies of alkane and
polyethylene fluid behavior with outstanding results; indeed, the original article[62] has
been cited over 475 times to date. The NEMD equations of motion[66,69,124] with a
Nosé-Hoover thermostat[23,24,66] were integrated using the reversible Reference
System Propagator Algorithm[88] subject to Kraynik and Reinelt periodic boundary
conditions, which allowed for unrestricted simulation time of the deforming simulation
box[125] undergoing planar elongational flow over the full range of imposed strain rates.
Further details of the simulation method can be found in Appendix A.
Table 6.1 presents some of the characteristic quiescent properties of the polyethylene
melts examined herein. Equilibrium properties of the C700H1402 melt were
comprehensively described in previous work;[97] the same methods were used herein to
calculate the corresponding properties of C1000H2002, which are collected in Table 6.1.
The disengagement time, 𝜏𝑑 , is typically the longest characteristic time for polymer
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melts. It represents the timescale over which a macromolecule will diffuse from a tube
formed by neighboring entangled chains. 𝜏𝑅 is the Rouse time, 〈𝑅 2 〉1/2 and 〈𝑅𝑔2 〉1/2 are
the root mean squares of the molecular end-to-end distance and radius of gyration,
respectively, 〈𝑍〉 is the ensemble average number of entanglements (per chain) as
calculated from the Z1 code developed by Kröger [71] and 𝐿 is the theoretical maximum
chain length. The prevailing view prescribes the disengagement time as the characteristic
timescale relevant to chain orientation, whereas the Rouse timescale is characteristic of
macromolecular chain stretching[110]. This study is primarily concerned with the
stretching response of the molecules, and hence the dimensionless extension rate (i.e., the
Deborah number) is characterized in terms of the Rouse timescale as 𝐷𝐷 = 𝜀̇𝜏𝑅 , similarly
to the case of dilute solutions.
Figure 6.2 displays the fractional chain extension, 𝑥 = 〈𝑅 2 〉1/2⁄𝐿 , as a function of
Hencky strain, 𝜀𝐻 = 𝜀̇𝑡, at six values of 𝐷𝐷 for each macromolecule in the C700H1402 melt.
Hencky strain provides a quantitative measure of the relative deformation of the material;
i.e., the relative separation of two fluid elements increases as exp(𝜀𝐻 ). Obtaining a
Hencky strain of 10 in an actual experiment can be quite a daunting challenge, this is one
advantage of virtual experimentation, where simulations can be run indefinitely within
the limits of the available resources. Colored lines in Fig. 6.2 display the fractional
extension of each individual molecule and the black line represents the ensemble average.
At the lowest value of 𝐷𝐷, the random coils are only mildly extended under flow with a
rather wide distribution—see the corresponding distribution plots in Figure 6.3. As 𝐷𝐷
increases to intermediate values, it becomes increasingly evident that a very broad
distribution of chain extension is observed, and that the individual chains experience very
different dynamics; some of the chains stretch to their steady-state extensions very
quickly, whereas others respond on a timescale that is a full order of magnitude slower.
This behavior is entirely consistent with the molecular individuality observed in the
visualization experiments of planar extensional flows of dilute polymer solutions
[40,122,123].
Despite the different flow dynamics of individual chains undergoing transient
elongational flow, their steady-state behavior looks fairly normal. Figure 6.3 presents the
probability distribution functions of fractional chain extension at steady state for the same
values of 𝐷𝐷 displayed in Fig. 6.2. For this purpose, steady state begins at the instant (or
equivalently the Hencky strain) that the time derivative of the ensemble average chain
extension becomes negligible, as marked by the vertical lines and arrows in Fig. 6.2;
therefore, the distribution functions of Fig. 6.3 are calculated based on the data to the
Table 6.1. Equilibrium properties of the simulated polyethylene melts.
System
C700H1402
C1000H2002

𝜏𝑑 (ns)
1216
5270

𝜏𝑅 (ns)
66
137
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〈𝑅2 〉1/2 (Å)
123.5
141.8

〈𝑅𝑔2 〉1/2 (Å)
49.8
56.41

Figure 6.2. Fractional extension as a function of Hencky strain at various flow strengths
for C700H1402. Vertical lines show the cutoff for calculation of the steady state properties.
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Figure 6.3. Probability distribution functions of chain fractional extension for C700H1402
liquid of Fig. 6.2 at steady state.
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right of the vertical lines. These plots resemble Gaussian distributions with a single peak
that shifts to higher values of chain stretch, 𝑥, as 𝐷𝐷 increases. In general, the
distributions are wider at low 𝐷𝐷, with a standard deviation close to that of the quiescent
condition, and become narrower with increasing 𝐷𝐷. This behavior essentially matches
common expectations based on intuition and mean-field theory. However, at 𝐷𝐷 = 0.16
and 𝐷𝐷 = 0.54, the distributions are wider on the left side than would normally be
expected, with 𝐷𝐷 = 0.54 even exhibiting a slight bimodal character, as shown in the
inset. Such a distribution could possibly indicate a coil-stretch transition between a
bistable steady state with an associated hysteresis behavior over a narrow range of 𝐷𝐷,
although this conjecture cannot be supported conclusively based on the evidence
presented thus far. Hence a plot of steady-state extension vs. strain rate would resemble
the MW2 curve in Fig. 6.1, with no discernable signs of the S-shaped profile predicted by
de Gennes.
A similar analysis was performed for C1000H2002 melt as shown in Figs. 6.4 and 6.5,
which is composed of molecules significantly longer than those of the C700H1402 liquid.
Fig. 6.4 displays the individual and ensemble average chain fractional extensions and
Fig. 6.5 presents the steady-state probability distribution functions of fractional extension
for six values of 𝐷𝐷. It is immediately evident that the extensional behavior at low
(𝐷𝐷 = 0.06) and high (𝐷𝐷 ≥ 3.0) is qualitatively similar to that of the C700H1402 melt.
Specifically, different molecules exhibit very different transient flow dynamics in
response to the flow, with some molecules up to 10 Hencky strain units to achieve steady
state. The probability distributions is Gaussian-like, unimodal and rather wide at low
𝐷𝐷 = 0.06 and has shifted to the right and narrowed at high extension rates (𝐷𝐷 ≥ 3.0),
all as would be expected from the conventional wisdom. On the contrary, the dynamics
are very peculiar within the intermediate range of flow strength, 0.3 ≤ 𝐷𝐷 ≤ 1.5.
Specifically, plots of individual chain extension versus strain in this region show a very
diverse response for different chains. Whereas some chains significantly stretch only after
2 strain units, others remain tightly coiled virtually permanently. Furthermore, some of
the chains actually cycle back and forth between highly extended and tightly coiled
configuration states at timescales that seem only mildly correlated with the flow strength.
This behavior is remarkably similar to what would be expected from a bistable steadystate configuration produced by a double-well potential, such as that displayed in Fig. 6.1
(b), with a low activation barrier between the two states. In this type of scenario, minor
conformational changes induced by the flow could possibly induce a transition over the
energy barrier to different configurational state.
At the extremes of the strain rate regime examined, the distribution of fractional
extension is very similar to that of the C700H1402 liquid; i.e., a unimodal distribution that
narrows and shifts to higher values of extension as 𝐷𝐷 increases. Within the intermediate
range of 0.3 ≤ 𝐷𝐷 ≤ 1.5, however, an extremely wide bimodal distribution is observed,
with peaks corresponding to relatively coiled and stretched states. The peak at lower
values of extension is fairly close to the average extension of the chains under quiescent
condition throughout the range 0.3 ≤ 𝐷𝐷 ≤ 1.5, whereas the position of the second peak
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Figure 6.4. Fractional extension as a function of Hencky strain at various flow strengths
for C1000H2002. Vertical lines show the cutoff for calculation of the steady state properties.
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Figure 6.5. Probability distribution functions of chain fractional extension for C1000H2002
liquid of Fig. 6.4 at steady state.
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is a strong function of flow strength and shifts to higher values of extension as 𝐷𝐷
increases. In this intermediate 𝐷𝐷 range, there are apparently two stable states (coil and
stretched) that do not disappear even after about 40 strain units. Although it cannot be
stated conclusively that further simulation would result in a unimodal distribution
indicating a single steady-state configuration profile, 40 strain units represents a
deformation of exp(40), which is highly suggestive that a statistical steady state has been
achieved.
The coexistence of coil and stretched configurations has been observed both theoretically
and experimentally for dilute solutions, but these simulations provide the first evidence of
the possibility of a similar phenomenon being present in dense polymer melts. Additional
support is provided by examination of similar behavior exhibited by the distributions of
the radius of gyration and the entanglement number, as presented in Appendix A. By
analogy, it is reasonable to postulate that a similar coil-stretch transition and
conformational hysteresis can also exist in entangled polymeric liquids. It remains to be
discussed whether such physical behavior can result in a hysteresis of the configurational
flow profile, as has been observed in the case of dilute solutions.
At 𝐷𝐷 = 3.0 and 14.9, Fig. 6.4 and Fig. 6.5 reveal that all the macromolecules within the
C1000H2002 melt are highly stretched and fluctuating mildly about a definitive steady state.
These steady states can be used as initial conditions for further simulations that reduce
the strain rate to a lower value, thus allowing the macromolecules to relax into the
apparent bistable regime. The left panels of Figure 6.6 display simulated data for the case
where a steady state flow system at 𝐷𝐷 = 3.0 was suddenly reduced to 𝐷𝐷 = 0.6. The
macromolecules react very rapidly to lower their average fractional extension slightly and
then tend to fluctuate mildly about the new steady state. Furthermore, the associated
distribution is unimodal and contains only the stretch peak at high values of extension.
This behavior is very different from that of the corresponding panels of Figs. 6.4 and 6.5,
where clear signs of a bistable steady state were evident. At very high values of strain, the
data suggest that a few molecules may fluctuate enough given sufficient time to surmount
the activation barrier to achieve the second configurational state, but these events
represent only a minor fraction of the total number of chains and apparently only occur at
rather high strain values. Similar behavior is observed after a reduction from 𝐷𝐷 = 14.9
to 𝐷𝐷 = 1.5, as displayed in the panels on the right side of Fig. 6.6. Note that the
extension values of the single peaks at both 𝐷𝐷 in the distribution plots of Fig. 6.6
coincide with the stretch peaks of Fig. 6.5, indicating that they are associated with a
stable steady-state highly stretched configuration that is energetically distinct from the
coiled conformation. Also evident is verification of the premise that the configurational
state of the system is highly dependent on the flow deformation history within the
intermediate flow strength regime.
Under the hypothesis that each peak of the distributions shown in Fig. 6.5 correspond to a
distinct configurational steady state of the C1000H2002 melt undergoing planar elongational
flow, a hysteresis flow profile can be constructed. Figure 6.7 shows the steady-state
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Figure 6.6. Fractional extension versus Hencky strain (top) and steady-state probability
distribution function of chain fractional extension (bottom) for C1000H2002. The left panels
correspond to the relaxation of the chains from 𝐷𝐷 = 3.0 to 𝐷𝐷 = 0.6, and the right
panels correspond to the relaxation of the chains from 𝐷𝐷 = 14.9 to 𝐷𝐷 = 1.5.
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Figure 6.7. Fractional extension defined based on the left peak positions of Fig. 6.5 (blue
data), and the right peak positions of Fig. 6.5 (red data) as a function of 𝐷𝐷. In cases
where the distribution was unimodal, the same value was used for the left and right peak
positions.
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fractional extension as a function of 𝐷𝐷 for the C1000H2002 melt as extracted from the
peaks of Fig. 6.5. Note that since the quiescent (𝐷𝐷 = 0) value cannot be shown on a
semi-log scale, it is assigned at the value of 𝐷𝐷 = 0.01. The S-shaped profile, as
envisioned by de Gennes, was drawn over the data as a guide to the eye. This figure
provides a clear indication that this entangled liquid exhibits a configurational hysteresis
when subject to planar extensional flow, accompanied by a fairly dramatic coil-stretch
transition at a critical value of strain rate, which occurs roughly at 𝐷𝐷 ≈ 1.5. This value is
higher than the theoretical value of 𝐷𝐷 = 0.5 predicted for dilute solutions, and the width
of the bistable steady-state region (0.2 < 𝐷𝐷 < 1.5) is relatively wide compared to that
observed for dilute solutions. The implication of this conclusion is that the abruptness of
the coil-stretch transition in entangled polymer melts is less severe than that which occurs
in dilute polymer solutions, but the overall system configurational state is more likely to
be biphasic within the applicable strain rate regime.
The configurational hysteresis evident in Fig. 6.7 can also lead to a similar phenomenon
with respect to the rheological properties of the fluid. For example, the primary
extensional viscosity, 𝜂1 , will take on different values depending on whether the liquid is
subjected to a step-strain from the quiescent condition (Figs. 6.4 and 6.5: 𝜂1 (𝐷𝐷) =
𝜂1 (0.6) = 418 cP; 𝜂1 (1.5) = 393 cP) or from a pre-strained state (Fig. 6.6: 𝜂1 (0.6) =
834 cP; 𝜂1 (1.5) = 487 cP). Therefore, which value is actually observed under
experiment apparently depends on the deformation history of the sample, as well as
whether or not a true steady state condition has actually been attained.
See Appendix A for further details concerning the simulation parameters and additional
results related to the radius of gyration and the entanglement number.
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CHAPTER SEVEN

CONFIGURATIONAL MICROPHASE SEPARATION IN
ELONGATIONAL FLOW OF AN ENTANGLED POLYMER LIQUID

The polymer and matrix composite industries represent roughly 15% of the
manufacturing segment of the U.S. Gross Domestic Product and about 3% of the total.
Global revenues derived from plastics alone surpass half a trillion dollars each year.
These industries produce a huge variety of products ranging from simple household
items to state-of-the-art electronic components, including many high performance
composites used in aeronautical, military, and biomedical applications. Indeed, the
polymer considered herein alone, polyethylene, is projected to surpass
$150,000,000,000 global revenue in 2018, which will manufacture an enormous
variety of products and applications.
Flow of polymeric fluids is of fundamental and practical interest as most polymeric
materials are processed in the liquid state. The intricate nonlinear coupling between fluid
motion and microstructural evolution greatly complicates analysis and control of
processes used for fabrication. Nevertheless, the ability to induce the desired
microstructure in complex fluids through manipulation of the flow field is to a great
extent responsible for many useful products made of polymers. Reliable mathematical
models of the microstructural response of polymeric liquids to flow processing history
are therefore of critical interest to enable efficient and economical design of new and
improved products.
Quantifying the complicated response of polymeric fluids to hydrodynamic forces arising
in manufacturing operations has posed tremendous challenges to developing models and
simulations that can accurately predict the dynamical behavior of polymeric flows. Many
plastics processing operations involve elongational flow of a polymer melt, in which the
fluid is stretched in one direction while being simultaneously compressed in at least one
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orthogonal direction. Prior to flow, the long, chain-like molecules comprising the liquid
maintain coiled configurations, which are all mutually entangled with their neighbors.
Theoretical models of polymeric liquids undergoing elongational flow invariably provide
similar descriptions of the microstructural response of the constituent macromolecules;
i.e., with increasing flow strength, quantified in terms of the dimensionless Deborah
number (𝐷𝐷), the chains stretch out and align in the direction of flow and compress in the
direction perpendicular to the flow [33,89,126]. The average configurational state of the
fluid is assumed to possess a unimodal Gaussian distribution of chain extension, which
increases in height and decreases in width as 𝐷𝐷 increases, with the peak also shifting to
higher values of molecular fractional extension, 𝑥, for higher flow strengths—see the
inset in Figure 7.1(a). This generic behavior is generally assumed to hold true for all
types of flexible macromolecular liquids, ranging from unentangled dilute solutions of
polymer molecules dissolved in organic or aqueous solvents to highly entangled
concentrated solutions and polymer melts.
In spite of the prevailing view, in 1974 de Gennes used the elastic dumbbell model of
kinetic theory [33] to demonstrate that dilute solutions of polymers undergoing planar
elongational flow (PEF) could exhibit multiple steady-state configurations at 𝐷𝐷 ≈ 1,
where the ratio of the timescale of the macromolecular stretching, 𝜏𝑅 (the “Rouse time”),
and the timescale of the imposed flow, 𝜀̇ −1 (𝜀̇ being the strain rate), were approximately
equivalent [118]. Two of these states were determined to be stable (i.e., a bistable
equilibrium), one corresponding to a relatively coiled configuration and the other to a
relatively stretched state. Consequently, the configurational microstate of the system in
the vicinity of 𝐷𝐷 ≈ 1 was apparently flow-history dependent, and thus possibly giving
rise to a hysteresis in the flow profile that de Gennes dubbed the “coil-stretch transition.”

In spite of the initial theoretical prediction of the coil-stretch transition, a debate ensued
regarding the reality of a bistable steady-state configuration. Fan, et al. [127] argued
against the flow profile hysteresis, claiming to have provided mathematical proof that it
could not possibly exist. Furthermore, simulations of dilute solutions of bead-spring
chains by Wiest, et al. [121] revealed a reversible, monotonic flow profile with no signs
of a hysteresis. In view of the inherent difficulties associated with controlled elongational
flow measurements, it was not possible at the time to perform experiments that could
resolve the issue. Consequently, the coil-stretch transition was regarded by many
rheologists as merely an unphysical artifact of the vagaries of the mathematical modeling
of complex system dynamics for another two decades.
Toward the end of the 20th century, advances in experimental instrumentation had
evolved to the point where direct visualization of macromolecular configurations could
be implemented under a precisely controlled elongational flow. Perkins et al. were able to
visualize the configurations of individual fluorescently labelled DNA molecules in dilute
solution undergoing PEF and observed that otherwise identical molecules extended under
flow to widely varying lengths over a broad range of timescales [40,122]. Schroeder, et
al. [123] performed similar visualization experiments on fluorescently dyed DNA
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Figure 7.1. Plots of the probability distribution function of the fractional molecular
extension relative to a chain’s maximum possible extension, 𝐿max . Panel (a; inset)
displays idealized data at four values of Deborah number such that 𝐷𝐷1 < 𝐷𝐷2 < 𝐷𝐷3 <
𝐷𝐷4 . Panel (a; main plot) displays actual simulation data of the liquid at several values
of flow strength in the proximity of 𝐷𝐷 ≈ 1. A bimodal distribution is evident at lower
values of 𝐷𝐷, implying that individual molecules are occupying two independent
configurational states, on average. This bimodality disappears at higher flow strengths
(𝐷𝐷 = 3.0) as the system returns to a single configurational state. Panel (b) displays the
fractional extension of each molecule within the simulation box as a function of Hencky
strain from the onset of flow at 𝐷𝐷 = 1.5. The macromolecules gradually inhabit one of
two stable steady-state configurational states, one relatively coiled and another that is
highly extended.
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molecules in dilute solution subjected to PEF over a wide range of 𝐷𝐷. Two distinct
experiments were conducted at each value of strain rate, 𝜀̇, to determine if a hysteresis
was evident in the macromolecular configurational response: one in which the strain rate
was imposed from the equilibrium (no-flow) state and another in which 𝜀̇ was reduced to
the equivalent value of the first experiment after pre-straining the material at a relatively
high rate (𝐷𝐷 > 5). Evidence of a bistable steady state was clearly observed in the range
of 𝐷𝐷 ∈ [0.3,0.6], implying a hysteresis behavior in the flow profile which was very
similar to that predicted by de Gennes thirty years prior. The authors also conducted
Brownian dynamics simulations of an analogous bead-spring chain in dilute solution and
reported a similar hysteresis phenomenon within the range of 𝐷𝐷 in which bistable steady
states had manifested in the experiments [123].

Dilute solutions, such as those studied by de Gennes and the visualization
experimentalists, are composed of independent polymer molecules dissolved in a low
molecular weight solvent at a concentration low enough such that the individual
macromolecules do not interact with each other; however, industrial processes of plastics
and fibers are primarily involved with concentrated solutions and melts, which are
typically composed of densely packed and highly entangled molecules. Theoretical and
experimental studies of the coil-stretch transition to date have primarily examined dilute
solutions because they are relatively easy to analyze, both theoretically and
experimentally. From an experimental perspective, visualization of individual chains in a
dense liquid or melt is very difficult for a variety of reasons, not the least of which is
because the individual polymer chains mutually interact with each other, thereby
influencing the bulk liquid’s macroscopic dynamical behavior.

Although traditional laboratory experiments of entangled polymeric liquids undergoing
PEF are quite difficult to conduct, virtual experimentation can now be considered as a
reliable alternative in certain circumstances. In the present case, the term “virtual
experimentation” refers to atomistic computer simulations that track the phase-space
trajectory of the system in response to an imposed PEF velocity gradient by solving
Hamilton’s equations of motion for the position and momentum of each atom. This is
accomplished via equilibrium and nonequilibrium molecular dynamics (NEMD)
simulations of realistic atomistic chains at actual experimental state points. NEMD
simulations of a monodisperse, linear C1000H2002 polyethylene melt were performed in the
NVT statistical ensemble at 450K and the experimental density of 0.766 g/cm3 using the
Siepmann-Karaboni-Smit (SKS) united-atom potential model [62]. This potential model
considers each carbon atom along the polyethylene chain, together with its bonded
hydrogen atoms, as a united-atom particle which interacts with its neighboring atoms,
both those on the same molecule and surrounding atoms from other molecules, as sites of
energetic interaction that are used to quantify the net force experienced by each atom
appearing in Hamilton’s equations of motion. The SKS model has been used in many
studies of alkane and polyethylene fluid behavior, and is well-recognized for providing a
very realistic physical description of the thermodynamic and rheological properties of
polyethylene liquids under both quiescent and flow conditions. The simulations involve
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the simultaneous solution of 6𝑁 differential equations, 6 for each atom’s position and
momentum coordinates where the number of atoms, N, can range up to 2,000,000. Hence
the computational methodology must be highly parallelized and implemented on
massively parallelized platforms to attain steady-state conditions and provide statistically
reliable data. (See Appendix B for simulation details.)
Virtual experimentation of the sort described above recently revealed a new, unexpected
phenomenon for PEF of a C1000H2002 liquid; i.e., a bimodal distribution of molecular
extension was observed at intermediate flow strengths in the range of 𝐷𝐷 ∈ [0.3,1.5]—
see Fig. 7.1(a) [107]. This observation was counterintuitive, especially in view of the
almost universal prediction of rheological theory which enunciated unimodal
distributions at all values of 𝐷𝐷, such as the case depicted in Fig. 7.1(a) (inset). These two
peaks correspond to a tightly coiled configurational state and a highly stretched state at
intermediate 𝐷𝐷, thus providing clear evidence of a bistable steady state, which occurs in
an entangled dense liquid rather than a dilute solution. Furthermore, the two
configurational states apparently coexist; it is not simply a case of one state or the other
being present, as might have been intuitively expected—see Fig. 7.1(b). As such, virtual
experimentation provided an initial insight into the world of entangled polymer melts that
exhibited an underlying similarity to the coil-stretch transition and hysteresis first
envisioned by de Gennes for dilute solutions (see Figure B.1(a) of Appendix B), which
could not have been achieved using traditional laboratory experimentation [107].
However, the true nature of the bistable steady state observed in the entangled
polyethylene liquid had yet to be revealed.
Figure 7.2 displays snapshots of the C1000H2002 melt undergoing PEF at a flow rate of
𝐷𝐷 = 0.6 at a randomly chosen time instant. The Hencky strain, 𝜀𝐻 = 𝜀̇𝑡, not only
provides a quantitative measure of the dimensionless time, but also of the relative
deformation of the material [89]. In these snapshots, molecules with small extensions are
coded with cooler colors, whereas highly extended chains are shown in warmer colors. It
becomes clear from Fig. 7.2 that the bistable configurational states not only coexist, but
also that the constituent molecules become segregated via an inhomogeneous microphase
separation into large domains of relatively coiled molecules that are surrounded by
thinner regions of highly stretched chains. The coiled domains consist of entangled
molecules, similarly to the entire system at equilibrium, whereas the stretched regions are
almost devoid of entanglements (see Fig. B.1 (b)). Figures 7.2(a) and 7.2(b) display the
simulation cell looking down the 𝑧 and 𝑦 coordinate axes, respectively, revealing that the
highly stretched molecules effectively form planar sheets that weave between the
spheroidal domains of coiled molecules forming a heterogeneous, biphasic system. Such
startling behavior represents a remarkable departure from the theoretical expectation. To
ensure that this phenomenon was not influenced by the size of the simulation cell or its
periodic images, a much larger simulation cell (9× the original) was also employed,
yielding essentially the same results (see Appendix B and Figure B.2).
The time evolution of the liquid upon application of PEF from the quiescent state at
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Figure 7.2. Snapshots of the simulated liquid undergoing steady-state planar elongational
flow (𝐷𝐷 = 0.6) at a randomly selected time instant. Panel (a) shows the simulation cell
in the extension-compression (𝑥-𝑦) plane as viewed along the neutral direction (𝑧). Cool
colors (blue, aqua) represent relatively coiled molecules whereas warm colors (orange,
red) correspond to highly stretched chains; the color scale ranges over the fractional
extension (0 ≤ 𝑥 ≤ 1) of each molecule. Large domains comprised of coiled
configurations are evident, surrounded by thin sheet-like regions of highly elongated
molecules. Panel (b) displays the same simulation cell but viewed along the axis of
compression (𝑦). The sheet-like layer structure is readily apparent on the top surface of
the cell. Panel (c) provides a full perspective view of the simulation cell from a
nonorthogonal direction. Note that in all three panels the highly extended chains are
visualized slightly beyond the confines of the simulation cell due to the periodic
boundary conditions.
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𝐷𝐷 = 0.6 is shown via a series of snapshots at various time instants in Figure 7.3. The
biphasic microstructure develops slowly over time in a two-stage process: during the first
stage, some of the molecules are highly elongated whereas others remain tightly coiled.
In the second stage, the coiled and stretched chains form into spheroidal domains or thin
sheet-like regions, respectively. Hence the characteristic timescale of the first stage is that
of macromolecular stretching, whereas that of the second stage is somehow associated
with a diffusive-type process. Furthermore, the molecules within the coiled domains are
highly entangled with each other (see Figure B.1 (b)), which is a process governed by a
timescale that is likely much longer than the timescale of stretching.
The region of flow strength where the biphasic state exists is roughly 𝐷𝐷 ∈ [0.3,1.5], as
evident in the snapshots displayed in Figure 7.4. At 𝐷𝐷 = 0.06, all molecules remain in
coiled configurations, and the uniphasic microstructural state is only slightly more
extended than the equilibrium case. Furthermore, for 𝐷𝐷 > 2, a unimodal configurational
distribution is once again evident, consisting only of highly elongated molecules oriented
in the flow direction. Within the biphasic flow regime, however, the size and number of
the coiled domains, and concomitantly that of the surrounding sheet-like layers, are
highly dependent on flow strength.
The configurational microphase separation evident in Figs. 7.2-7.4 is similar to the
segregation of chemical species that occurs in microphase separation of block copolymer
systems based on Flory’s thermodynamic theory of polymer solutions [128-130];
however, whereas multiphasic systems of block copolymers are generated from
unfavorable energetic interactions between the immiscible blocks, there is obviously no
such energetic effect active in a polymer liquid composed of identical molecules. The
reason that the phase separation occurs in the polyethylene melt is probably related to the
effects of the imposed PEF on the free energy of the system. The Helmholtz free energy,
𝐴, consists of an energetic and an entropic contribution, such that a change in free energy
(at constant temperature 𝑇) is expressed as ∆𝐴 = ∆𝐸 − 𝑇∆𝑆, where 𝐸 and 𝑆 are the
internal energy and entropy, respectively [126]. According to the principle of virtual
work, the stress exhibited by a fluid is assumed to result from a minimization of the
system free energy. Statistically, any extension of the molecules results in an entropic
penalty to the free energy; hence there is a strong statistical incentive for the chains to
remain coiled. Nevertheless, the applied PEF will coerce at least some of these molecules
to extend. On the other hand, Ionescu et al. have shown that highly elongated
polyethylene chains, stacked side-by-side, exhibit very favorable energetic nonbonded
intermolecular Lennard-Jones interactions, which effectively lower the system energy
[131,132], similarly to the nematic ordering that occurs in liquid crystals. Consequently,
there is apparently a delicate balance of energetic and entropic effects at play in this
system which result in the configurational microphase separation observed in Figs. 7.27.4 as the overall fluid system optimizes its overall energetic state in accord with the laws
of physics.
It bears emphasizing here, once again, that the PEF flow cell is composed of completely
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Figure 7.3. Snapshots of the liquid undergoing PEF at 𝐷𝐷 = 0.6 as viewed from a
perspective above and perpendicular to the flow-compression (𝑥-𝑦) plane. Panel (a)
displays the equilibrated liquid under quiescent conditions. Initially, all the molecules
occupy random coil configurations. Panels (b)-(e) show the development in time of the
biphasic system as certain molecules greatly elongate whereas others remain relatively
coiled as dimensionless time (measured in units of Hencky strain) evolves. At long time,
a steady-state condition is attained (after 𝜀𝐻 ≈ 5.5) in which coiled molecules have
migrated into spheroidal domains and elongated molecules have formed into thin sheetlike layers that separate the coiled regions. Panel (f) shows the same snapshot as Panel
(a) at 𝜀𝐻 = 0 except that the molecules in Panel (f) have been colored the same as their
images in Panel (e) at steady state. This provides clear evidence that the coiled and
extended chains are later forming into spatially segregated regions by a diffusional
process from random locations within the simulation cell. Note that empty spaces in some
images are merely artifacts of the periodic image maps from visualizing the liquid and are
not actually present within the cell.
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Figure 7.4. Snapshots of the polyethylene liquid taken at steady state of planar
elongational flow for a wide range of flow strength. At low flow strength, 𝐷𝐷 = 0.06,
overall molecular extension is relatively minor, and the chains remain coiled with the
fractional extension displaying a unimodal distribution. As flow strength increases to
𝐷𝐷 = 0.3, 0.6, large, spheroidal domains of coiled molecules are sandwiched between
thin layers of highly stretched chains. At larger flow strength (𝐷𝐷 = 1.5), the size of the
coiled domains shrinks and the layers of extended chains grow thicker. At high flow
strengths (𝐷𝐷 = 3.0, 14.9), the coiled domains have disappeared and only unimodal
distributions of highly elongated chains are observed.
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identical polyethylene molecules, which effectively eliminates many arguments
concerning the physical origin of this microphase separation. In what appears at first
glance to be a very similar system composed of a bidisperse blend of a highly entangled
host polymer containing a sizable fraction of much smaller chains, Olmsted and Milner
observed a similar phase separation when the free energy bonus caused by orientation of
the longer molecular component compensated for the free energy demixing cost of
segregating out the shorter (and much smaller relaxation time) component [133]. Clearly,
this mechanism is not valid in the present case since the molecules comprising the coiled
and stretched domains are identical; hence there must be something more subtle
underpinning the configurationally induced demixing, such as a “dissipative structure” (a
term coined by Prigogine but inspired by Onsager’s hypothesis of minimum dissipation)
formed to reduce the system dissipation—see the Appendix B. As observed in the
visualization experiments described above [40,122], the identical DNA molecules under
PEF in dilute solution took on coiled or stretched configurations almost randomly,
seemingly as some undetermined function of their initial configurations. The same
appears true for the entangled C1000H2002 melt [107]—see Fig. 7.1(b). Once the identical
molecules have attained steady-state (or at least long-lived) configurations, the chains are
no longer identical, and they develop a configurational bias that drives the stretched
chains to segregate to reduce the intermolecular Lennard-Jones energy, thus inducing a
nematic-type ordering. Meanwhile, the coiled chains aggregate into separate domains
wherein they entangle with each other and effectively dissolve within themselves to
maximize their individual and collective entropy. Hence the two classes of chain
conformation, coiled and stretched, effectively develop an internal demixing free energy
that drives a truly configurational microphase separation.
Although unexpected, the microphase separation observed in the simulations possibly has
precedent in other flows of polymeric fluids. Recently, the phenomenon of shear banding
has become accepted, in which spatially inhomogeneous regions of stress develop under
seemingly homogenous shear flows; this phenomenon has been observed in both
experiment [134,135] and simulation [93,136,137], and the origins of this effect are
currently under debate. For elongational flows, the possibility of a microphase separation
might offer a plausible explanation for the common observation that the extensional
viscosity of polymer solutions can thicken (grow) with increasing 𝐷𝐷, whereas polymer
melts invariable display a thinning (decreasing) viscosity; i.e., a microphase separation
occurring within the dense liquid could provide a significant degree of stress relief where
most of the tension was contained within the sheet-like regions of highly extended
molecules. Further implications of this new phenomenon of configurational microphase
separation under elongational flow are likely to puzzle polymer physicists for years to
come.
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CHAPTER EIGHT

CONCLUSIONS AND RECOMMENDATIONS

The rheological and microstructural dynamic responses of a series of linear entangled
polyethylene melts, including C400H802, C700H1402, and C1000H2002, were examined at
equilibrium and under simple shear and planar elongational flows using large-scale
equilibrium and nonequilibrium molecular dynamics (MD and NEMD) simulations. The
equilibrium simulations showed that reptation theory and its refinements describe the
system dynamics fairly well under quiescent conditions. Specifically, the equilibrium
characteristic times, diffusivity, entanglement density, and tube diameter were simulated
with reasonable accuracy. The disengagement time scaled as 𝑁 3.3 with the number of
monomeric units per chain, 𝑁, in agreement with experiments, which demonstrates that
all relevant physical processes, such as contour length fluctuations (CLF) and constraint
release (CR), were captured by the simulations.

8.1

Steady Shear

The steady shear flow simulation revealed a rich dynamical behavior for these entangled
liquids at various flow strengths. Four shear-rate regimes were recognized; namely,
𝛾̇ < 𝜏𝑑−1 , 𝜏𝑑−1 < 𝛾̇ < 𝜏𝑅−1 , 𝜏𝑅−1 < 𝛾̇ < 𝜏𝑒−1, and 𝛾̇ > 𝜏𝑒−1 . The first regime is the linear
viscoelastic regime (𝛾̇ < 𝜏𝑑−1) where the flow characteristic timescale, 𝛾̇ −1, is larger than
the longest relaxation timescale, called the disengagement time 𝜏𝑑 , of the chains. In this
flow regime, macromolecules have enough time to relax and essentially assume their
quiescent conformations although there is some net orientation of the tube network.
Hence, the shear stress increases linearly with shear rate and rheological functions stay
independent of flow strength. The structural and topological properties remain almost
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unaltered compared to the quiescent condition. The simple Doi-Edwards constitutive
model also works fairly well in this region.
As the shear rate enters the nonlinear viscoelastic regime within the second region,
𝜏𝑑−1 < 𝛾̇ < 𝜏𝑅−1, the chain segments begin to align with the flow direction, which causes a
dramatic decline in the overall chain orientation angle. The chain end-to-end distance
also increases with flow strength. However, the segmental chain extension and tube
stretch are minor in this region, and the tube segment orientation acts as the dominant
relaxation mechanism. At the same time, the molecules unravel as they align with the
flow. This flow-induced disentanglement perhaps leads to lower friction between the
molecules and consequently a plateau region in the shear stress profile.
Within the third shear rate range, 𝜏𝑅−1 < 𝛾̇ < 𝜏𝑒−1 , the chain orientation angle is at its
plateau value of about 2 degrees and most of the chains are highly aligned with the flow.
As the shear rate increases in this region, the tube segments begin to stretch and
significantly affect the shear stress, and emerge as the dominant physical process at the
steady state. Simultaneously, the chain molecules disentangle as they become more
stretched, and the entanglement network thins, which provides freedom for molecules to
begin experiencing quasi-periodic rotation and retraction cycles induced by the flow
vorticity (vorticity excursions). During a cycle, chain ends of a stretched molecule diffuse
towards the center of the molecule along its backbone until it collapses into a tight coil.
Then the molecule unwinds until it assumes a stretched conformation onec again. This
process, which is induced by the flow vorticity, effectively tends to mitigate the chain
extension on average, in contrast with the deformation contribution of the flow field that
tends to enhance the chain extension. The net effect is evident in a prolonged stress
plateau region within this flow regime, i.e. up to approximately 𝛾̇ ~𝜏𝑒−1 .

At very high shear rates within the fourth region (𝛾̇ > 𝜏𝑒−1 ), the flow timescale, 𝛾̇ −1,
drops below the entanglement time 𝜏𝑒 . This implies that the chain segments do not feel
the tube confinement, and hence begin to behave similarly to unentangled solutions. The
entanglement network begins to disintegrate in this region, and as shear rate increases,
more individual molecules get completely disentangled. As the entanglement network is
destroyed, the vorticity excursion cycles become more regular and resemble chain
tumbling in dilute solutions at high shear rates. The shear stress also resumes its
monotonic increase with shear rate in this region.
Comparison of the simulation results with predictions of several versions of the tube
model revealed that the key variables of tube-based models (i.e. 𝑺 and 𝜆), as well as the
stress expression in such models (see Eq. (4.12) for instance) , are physically relevant and
reasonable over a wide range of shear rates, including the highly nonlinear viscoelastic
regime. However, the evolution equations describing these variables fail to predict
quantitatively accurate values at moderate and high shear rates, which causes the model
to diverge within this flow regime. This could arise from the averaging procedures that
are used to reduce the stochastic Fokker-Planck equation to a continuum set of equations
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in terms of pre-averaged bulk properties, which become especially unrealistic at high
shear rates where the distribution of chain conformations is very wide and highly nonGaussian. The other factor that could possibly explain the unrealistic predictions of the
evolution equations is due to physical processes such as vorticity excursions and flowinduced disentanglement that are either overlooked or incorrectly incorporated into the
equations.
The examination of the startup shear response of viscosity growth, tube orientation
tensor, and tube stretch showed that the stress overshoot and undershoot commonly
observed in shear flows of entangled polymeric liquids should mainly be attributed to the
tube orientation (𝑆𝑥𝑥 , specifically) rather than tube stretching. This observation was not
limited to low and moderate shear rates where the tube stretching is minor. Even at high
shear rates, although tube stretching significantly influences the magnitude of the shear
stress, the dynamics of the response looks to be principally controlled by the tube
orientation.

8.2

Planar Elongation

NEMD simulations of C700H1402 and C1000H2002 melts undergoing planar elongational
flow demonstrated that entangled polymer melts could exhibit a coil-stretch transition, in
much the same form as first envisioned by de Gennes for dilute solutions of high
polymers. The probability distribution function of the chain fractional extension was
bimodal in the vicinity of 𝜏𝑅−1 with distinct peaks associated with relatively coiled and
stretched molecules coexisting at steady state in a bistable system. The final distribution
and populations of coiled and stretched conformations were strong functions of
deformation history, and molecules could transition from one conformational mode to the
other over a relatively long timescale. The conformational bistability manifests as a
conformational hysteresis in the flow profile, over a relatively wide range of extension
rate. The existence of a bistable system and the width of the hysteresis loop is a function
of the molecular weight. While the C700H1402 melt was effectively a unistable or only
lightly bistable system, C1000H2002 exhibited a hysteresis loop that was relatively wider
than that typically observed for dilute solutions.
Further structural analysis and visualization of individual molecules in the bistable flow
region displayed an unanticipated microphase separation into a heterogeneous liquid
composed of regions of either highly stretched or tightly coiled macromolecules, thus
providing a natural realization of a bi-phasic coil-stretch transition. It was demonstrated
that the bistable configurational states not only coexist but also that the constituent
molecules became segregated via an inhomogeneous microphase separation into domains
of relatively coiled molecules that are surrounded by layers of highly stretched chains.
The microphase separation looks to be a two-stage process: a relatively fast stage in
which some of the molecules significantly stretch whereas others remain coiled, and a
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relatively slow stage in which the coiled and stretched molecules defuse to form into
spherical and sheet-like regions, respectively.
The sizes of the coiled domain and sheet-like region are strong functions of the
elongation rate. At low elongational rates in the bimodal region, the coiled domains are
relatively large whereas the stretched molecule layers are relatively thin. As the
elongation rate increases, more molecules extend and hence the layers of stretched
molecules grow thicker while the coiled domains shrink. This trend continues until at
high deformation rate the coil domains completely disappear and a unimodal distribution
is reestablished.

8.3

Future Directions and Recommendations

The conformational hysteresis and microphase separation of entangled polymeric melts
under planar elongational flow are unprecedented and naturally unknown to polymer
physicists. More simulations are needed to investigate different dimensions of the
phenomenon and its nature. It has been demonstrated that although the qualitative
features exhibited by the liquid are not affected by the simulation box size, there could be
a boundary effect on the size and population of coiled and stretched domains. A series of
simulations in significantly large simulation boxes should be performed in order to
examine an accurate distribution of the stable states in the bistable region. It was also
discussed that the width of the bistable region is a function of the polymer molecular
weight. This necessitates simulations of longer chains and investigating the effect of the
molecular weight on the properties of the coiled and stretched domains, as well as the
width of the hysteresis loop. Another proposed future work is to study the effect of flow
kinematics on this phenomenon. Specifically, it is interesting to examine the existence
and severity of the coil-stretch transition in entangled melts undergoing uniaxial
elongational flows. The generalized Kraynik-Reinelt (KR) boundary conditions that have
been formulated in recent years [138-140] have facilitated performing molecular
simulations under general elongational flows, including uniaxial elongation. Examination
of the microphase separation in entangled polymeric solutions is another important
question to be addressed. Especially, considering the common observation that the
extensional viscosity of polymer solutions can thicken with increasing extension rate,
whereas polymer melts invariable display a thinning viscosity. The existence or absence
of the microphase separation in entangled polymeric solutions and its differences with
that in melts could offer a plausible explanation for the different behavior of these liquids
under elongational flows.
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Appendix A

Supplementary Material for
A Coil-Stretch Transition in Planar Elongational Flow of an Entangled
Polymeric Melt

This appendix is based on the published paper:
Nafar Sefiddashti, M. H.; Edwards, B. J.; Khomami, B., Communication: A coil-stretch
transition in planar elongational flow of an entangled polymeric melt. J. Chem. Phys.
2018, 148 (14), 141103.

A.1

Additional Simulation Details

The simulation cells contained 104 molecules for the C700H1402 liquid and 180 chains for
the C1000H2002 melt. For the shorter chain system, the simulation box was cubic with
dimensions of 130 Å on each side at the start of the simulation. In the longer chain
system, the simulation cell was initially rectangular with dimensions of 254 Å in the 𝑥
and 𝑦 directions and 84.7 Å in the 𝑧 direction. As the simulations proceed, these box
dimensions change as the fluid expands in the flow direction (𝑥) and compresses in the
orthogonal direction (𝑦). The 𝑧-axis is taken as the neutral direction in the imposed planar
elongational flow. Extensive details concerning the simulation parameters can be found
in prior publications [86,97,110].

181

A.2

Radius of Gyration

Chain end-to-end distance is not necessarily the best indicator of chain extension because
it is constructed based solely on two points (chain ends) that might be coincidentally too
close to or too far from each other. The radius of gyration, on the other hand, is calculated
based on the position of all monomeric units of a macromolecule thus providing a more
descriptive quantitative measure of actual chain configuration. Figure A.1 displays the
steady-state probability distribution function of the radius of gyration, 𝑅𝑔 , for the
C700H1402 (left panel) and C1000H2002 (right panel) melts over a wide range of 𝐷𝐷 number.
There is a remarkable qualitative agreement between the distributions of fractional chain
extension, ℓ (Figs. 6.3 and 6.5), and the radius of gyration for each melt. Specifically in
the case of the C1000H2002 liquid, the distribution of the radius of gyration is bimodal for
0.3 ≤ 𝐷𝐷 ≤ 1.5, complementing the suggestion of a conformational hysteresis in this
region displayed by the distribution of the end-to-end distance. It should be noted that the
low 𝑅𝑔 peak positions are fairly close to those of the quiescent peak, suggesting coil
configurations in the bistable systems. This figure reveals some additional information,
relative to Fig. 6.3, concerning the C700H1402 melt, as shown in the inset of the left panel:
here, the distribution is bimodal even for the C700H1402 melt at 𝐷𝐷 = 0.16 and 𝐷𝐷 = 0.54,
despite the low population of coil configurations within the ensemble. This is in
agreement with fractional extension distribution at 𝐷𝐷 = 0.54 as shown in the inset of the
relevant panel of Fig. 6.3. These figures show that, unlike C1000H2002, the conformational
hysteresis is not very distinct for the C700H1402 liquid, which further reinforces the
hypothesis that the coil-stretch transition in entangled melts is a strong function of
molecular weight; i.e., the contour length of the molecules. This is in agreement with the
observations of Schroeder, et al. [123] for dilute solutions.
A.3

Number of Entanglements

The probability distribution functions for the number of entanglements 𝑍𝑘 , are displayed
in Figure A.2 at various De for the simulated melts. Note that the number of kinks is
typically twice the number of entanglements under quiescent conditions, 𝑍𝑘 = 2〈𝑍〉, and
is assumed to be directly proportional to the number of entanglements in general. For the
C700H1402 melt, the distributions are unimodal at all values of De and shift to the left
(lower entanglement density) as the flow strength increases. This flow-induced
disentanglement of the liquid is an expected and intuitive behavior of the system as the
macromolecules stretch out and orient in response to the imposed elongational flow field.
These distributions also show that the system is still fairly entangled for De < 1.64. This
is an important observation because it suggests that the absences of a bistable system in
this region is not because the liquid has lost all of its entanglements and became
effectively disentangled. At higher De, however, the distributions become narrower with
a very small mean or peak value (𝑍𝑘 /2 < 1) which suggests that the entanglement
network is essentially destroyed by the strong elongational flow. Note that these
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Figure A.1 Probability distribution functions of the radius of gyration at various 𝐷𝐷 at
steady state for C700H1402 (left panel) and C1000H2002 (right panel). The insets display
magnified distributions at low values of 𝐷𝐷.

Figure A.2. Probability distribution functions of the number of entanglements at various
𝐷𝐷 at steady state for C700H1402 (left panel) and C1000H2002 (right panel). The inset
displays magnified distributions at low values of 𝐷𝐷.
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distributions are generally consistent with those of the end-to-end distance (Fig. 6.3) and
the radius of gyration (left panel of Fig. A.1) except for very weak peaks at De = 0.16 and
De = 0.54 that are not captured here, most probably due to their extremely low
populations.
The situation is quite different for C1000H2002 as presented in the right panel of Fig. A.2.
Specifically, the distributions are bimodal with two distinct peaks within the range
0.3 ≤ 𝐷𝐷 ≤ 1.5, in agreement with those of the end-to-end distance (Fig. 6.5) and the
radius of gyration (right panel of Fig. A.1). These bimodal distributions demonstrate that
in a bistable system not only the molecular configurations of the stable states are
different, but also each state has an entanglement density which is consistent with its
average configuration and free energy. Note that for a bistable system the peak at higher
values of 𝑍𝑘 is associated with coiled molecules and the peak at low values of 𝑍𝑘 is
associated with stretched chains.

The position of the peaks in Fig. A.2 can be used to construct a plot of entanglement
number as a function of De in the same fashion as that of Fig. 6.7. Figure A.3 displays
such a plot for the C1000H2002 liquid. In this figure, the low extension peak data points
correspond to the coil configurations and the high extension peak data points correspond
to the stretched molecules. Clearly, coiled macromolecules are comprised of more
entanglements per chain as compared to the stretched molecules. This is because the
macromolecules disentangle as they extend within the applied flow field. It is evident that
the entanglement density of the coiled configurations is almost independent of De; on the
other hand, the entanglement density of the stretched configurations decreases
monotonically with increasing 𝐷𝑒.
A.4

Hypothetical Free Energy Expression

The free energy profiles depicted in Fig. 6.1 follow the classical Landau form [141]. This
generic behavior can be produced with a simple quartic expression written in terms of a
variable representing the relative extension of the macromolecules with respect to the
𝐶
equilibrium state, ℒ = ℓ − ℓ𝑒𝑒 , and a dimensionless parameter, 𝑀 = 𝑀𝑤 ⁄𝑀𝑤
,
representing the ratio of the liquid molar mass relative to a critical value where some
pivotal phase change occurs. The Landau free energy expression can be written in terms
of three arbitrary constants, 𝜈1 , 𝜈2 , and 𝜈3 , as
𝐻(ℒ) =

1
1
1
𝜈1 ℒ 2 (1 − 𝑀) − 𝜈2 ℒ 3 𝑀 + 𝜈3 ℒ 4 𝑀.
2
3
4

(A.1)

The stationary points of this expression can be determined by taking the derivative with
respect to chain extension,
𝜕𝜕
= 𝜈1 ℒ(1 − 𝑀) − 𝜈2 ℒ 2 𝑀 + 𝜈3 ℒ 3 𝑀.
𝜕ℒ
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(A.2)

Figure A.3. Number of entanglements defined based on the right peak positions of the
C1000H2002 melt from the right panel of Fig. A.2 (blue data, corresponding to the left peak
positions of Fig. 6.5), and the left peak positions (red data, corresponding to the right
peak positions of Fig. 6.5) as functions of 𝐷𝑒. In cases where the distribution was
unimodal, the same value was used for the right and left peak positions. Note that the low
and high extension peaks labeled in the legend refer to the peaks in Fig. 6.5; these
correspond to the high and low peaks, respectively, in the right panel of Fig. A.2.

185

Solving this expression at the stationary points, one obtains the real solutions as
ℒ=0 ,

𝜈2 𝑀 ± �(𝜈2 𝑀)2 − 4𝜈1 𝜈3 𝑀(1 − 𝑀)
.
2𝜈3 𝑀

(A.3)

The stability of these solutions can be determined from the relaxation of the system close
to equilibrium,
𝑑ℒ
𝜕𝜕
= −𝜆
, 𝜆 > 0,
𝑑𝑑
𝜕ℒ

(A.4)

𝜕2 𝐻

where the eigenvalue of the Jacobian �− 𝜕ℒ 2 � must be negative for a solution branch to
be stable.
A typical profile of the solutions generated by Eq. (A.3) is shown in Figure A.4 at 𝜀̇ = 0.
At low values of 𝑀, there exists only a single real stable solution, corresponding to the
equilibrium random coil configuration. However, at a critical value of molar mass, 𝑀∗ , a
relatively stretched configuration appears which is also stable, creating a bistable system.
At equilibrium (𝜀̇ = 0), the coiled state will likely remain entropically favored (i.e.,
possessing a deeper well than the stretched state) but under flow this situation could
change as chain extension and alignment alters the energetic landscape of the
system[131]. Flow affects enter into the mathematical description of the system via an
additional convective term in Eq. (A.4), thus affecting the overall chain extension and
generating S-shaped flow profiles, such as the one displayed in Fig. 6.1. Derivation of
extended versions of Eq. (A.4) has been the subject of a vast amount of research; one
methodology for such derivations can be found in Ref. [126].
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Figure A.4. Relative chain extension, ℒ, plotted versus dimensionless molar mass, 𝑀, at
𝜀̇ = 0. Stable solutions are displayed with solid curves whereas unstable solutions are
shown with dashed curves. At low values of 𝑀, only a single stable solution exists
corresponding to the equilibrium random coil state. At a critical value of molar mass, 𝑀∗ ,
a second stable solution appears that represents a relatively stretched configurational
state.
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Appendix B

Supplementary Material for
Configurational Microphase Separation in Elongational Flow of an
Entangled Polymer Liquid

B.1

Simulation Methodology

Virtual experimentation of planar elongational flow (PEF) of the dense polymeric
polyethylene liquid C1000H2002 was performed in the NVT statistical ensemble at 450 K
and the experimental density of 0.766 g/cm3 using Nonequilibrium Molecular Dynamics
(NEMD) simulations. The simulation cell contained 180 linear, monodisperse chain-like
macromolecules, and at start of the simulation the box was initially rectangular with
dimensions of 254 Å in the 𝑥 and 𝑦 directions and 84.7 Å in the 𝑧 direction. As a
simulation proceeds, these box dimensions change as the fluid expands in the flow
direction (𝑥) and compresses in the orthogonal direction (𝑦). The 𝑧-axis is taken as the
neutral direction in the imposed planar elongational flow. The simulation cell contained
180,000 particles. Given the enormous computational cost of these simulations, the cell
size was chosen very carefully, with the dimensions mentioned above considered safely
within the range used for past simulations of homogenous NEMD simulations of shear
and PEF; however, given the spatial inhomogeneity induced by the PEF in the present
simulations, it was necessary to validate the observations of the simulations at a critical
value of Deborah number, 𝐷𝐷 = 0.6 using a substantially larger (by a factor of 9)
simulation cell. This “large box” simulation employed a cell with dimensions of 762 Å in
the 𝑥 and 𝑦 directions and 84.7 Å in the 𝑧 direction. This large box contained 1,620
polyethylene molecules comprised of 1,620,000 united atoms. Simulations were
performed over a wide range of Deborah number (𝐷𝐷), as described below.
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The NEMD simulations of C1000H2002 employed the Siepmann-Karaboni-Smit (SKS)
united-atom potential to model the energetic interactions between the atoms comprising
the polyethylene macromolecules [62]. This model has been used in many studies of
alkane and polyethylene fluid behavior with outstanding results; indeed, the original
article has been cited approximately 500 times to date. However, the rigid bond between
adjacent atoms in the original model was replaced with a harmonic potential function;
this is common procedure in molecular dynamics simulations employing this potential
model as it alleviates integration difficulties associated with the bonded interactions
[51,63,142-144]. The united-atom particles represent either -CH3 or -CH2- groups,
depending on their location along the chain. The intermolecular and intramolecular
nonbonded energetic interactions in this model are given by a 6-12 Lennard-Jones (LJ)
potential,
𝑈𝐿𝐿 �𝑟𝑖𝑖 � = 4𝜖𝑖𝑖

12

𝜎𝑖𝑖
�� �
𝑟𝑖𝑖

6

𝜎𝑖𝑖
− � � �,
𝑟𝑖𝑖

(B.1)

where 𝑟𝑖𝑖 is the distance between atoms 𝑖 and 𝑗. Note that the intramolecular energy is
only applied to atoms separated by more than three bonds. The energy parameters (𝜖 ⁄𝑘𝐵 )
were 47 K for CH2 units and 114 K for CH3 units, where 𝑘𝐵 is Boltzmann’s constant. The
distance parameter, 𝜎, is 3.93 Å for both CH2 and CH3 units. Lorentz-Berthelot mixing
rules are used for the calculation of the interaction parameters between atomic units 𝑖 and
𝑗, such that
𝜖𝑖𝑖 = (𝜖𝑖 𝜖𝑖 )1⁄2 ,

𝜎𝑖𝑖 =

𝜎𝑖 + 𝜎𝑖
.
2

(B.2)

A cutoff distance 𝑟𝑐 = 2.5 𝜎𝐶𝐶2 was employed for all LJ potentials.

The bond-stretching interaction energy is described by a harmonic potential function,
𝑈𝑠𝑠𝑠 (𝑙) =

1
2
𝑘𝑙 �𝑙 − 𝑙𝑒𝑒 � ,
2

(B.3)

where 𝑙 is the distance between adjacent atoms of the same chain. The bond-stretching
constant was 𝑘𝑙 ⁄𝑘𝐵 = 452,900 K/Å2 and the equilibrium bond length was 𝑙𝑒𝑒 = 1.54 Å.
The bond-bending potential energy also was governed by a harmonic potential function
of the form
𝑈𝑏𝑏𝑏 (𝜃) =

1
2
𝑘𝜃 �𝜃 − 𝜃𝑒𝑒 � ,
2
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(B.4)

where 𝜃 is the angle between formed by three successive atoms. The bond-bending
constant in this equation was 𝑘𝜃 ⁄𝑘𝐵 = 62,500 K⁄rad2 , and the equilibrium angle was
𝜃𝑒𝑒 = 114°. The bond-torsional interaction energy was expressed as
3

(B.5)

𝑈𝑡𝑡𝑡 (𝜙) = � 𝑎𝑚 (cos 𝜙)𝑚 ,
𝑚=0

where the bond-torsional constants were 𝑎0 ⁄𝑘𝐵 = 1010 𝐾, 𝑎1 ⁄𝑘𝐵 = −2019 𝐾, 𝑎2 ⁄𝑘𝐵 =
136.4 𝐾, and 𝑎3 ⁄𝑘𝐵 = 3165 𝐾. This potential is active on atoms of the same chain that
are separated by two bonds. Using the physical parameters described above, the
maximum possible extension of the chains is approximately 1,290 Å when all bond
dihedral angles are in the trans-configuration.
The p-SLLOD equations of motion [65] were used to perform the NEMD simulations,
which were maintained at a constant temperature of 450 K using a Nosé-Hoover
thermostat [23,24]. The full set of evolution equations for the system are
𝒒̇ 𝑖𝑖 =

𝒑𝑖𝑖
+ 𝒒𝑖𝑖 . ∇𝒖,
𝑚𝑖𝑖

𝒑̇ 𝑖𝑖 = 𝑭𝑖𝑖 − 𝒑𝑖𝑖 . ∇𝒖 − 𝒎𝒊 𝒒𝒊𝒊 ∙ 𝜵𝜵 ∙ 𝜵𝜵 −
𝜉̇ =

𝑝𝝃
,
𝑄

𝒑2𝑖𝑖
𝑝̇𝜉 = � �
− 𝑑𝑑𝑘𝐵 𝑇,
𝑚𝑖𝑖
𝑖

𝑎

𝑄 = 𝑑𝑑𝑘𝐵 𝑇𝜏 2 .

𝑝𝜉
𝒑 ,
𝑄 𝑖𝑖

(B.6)

In this set of equations, 𝑚𝑖𝑖 , 𝒒𝑖𝑖 , 𝑷𝑖𝑖 , and 𝑭𝑖𝑖 are the mass, position, momentum, and
force vectors of atom a in molecule i, respectively. 𝑝𝜉 and 𝜉 represent the coordinate- and
momentum-like variables of the thermostat, respectively. The symbol d represents the
spatial dimensionality, N denotes the total number of united atoms, Q is the thermostat
mass parameter, and 𝜏 is the relaxation time of the thermostat. ∇𝒖 is the velocity gradient
tensor, which for planar elongational flow takes the form
𝜀̇ 0
∇𝒖 = �0 −𝜀̇
0 0
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0
0�,
0

(B.7)

The equations of motion were implemented within the Large-scale Atomic/Molecular
Massively Parallel Simulator (LAMMPS) environment. Boundary conditions were
periodic at all box surfaces with a deforming simulation box, elongating in the x direction
and compressing in the 𝑦 direction. (Note that the LAMMPS documentation states that
the SLLOD equations have been implemented into the NVT NEMD function, but in
actuality these are the p-SLLOD equations, (B.6).) The NEMD equations were integrated
using the reversible-Reference System Propagator Algorithm, r-RESPA, with two
different time steps. For the small simulation cell in cases where 𝐷𝐷 > 0.5, the long time
step was 2.35 fs, which was used for the slowly varying nonbonded LJ interactions, and
the short time step was 0.47 fs (one-fifth of the long time step) for the fast varying forces
including bond-bending, bond-stretching, and bond-torsional interactions. For the large
simulation cell and the small simulation cell where 𝐷𝐷 < 0.5, the long time step was 4.70
fs and the small time step was 1.176 fs. The relaxation time of the thermostat was set
equal to 100 times the long time step for all simulations. Kraynik-Reinelt (KR) periodic
boundary conditions were employed to allow for unrestricted simulation time of the
deforming simulation box undergoing planar elongational flow over the full range of
imposed strain rates [125]. (Note that the KR boundary conditions are not implemented in
LAMMPS and had to be self-coded.) Accordingly, the simulation cell deformed by
elongating in the flow direction (𝑥) and shrinking in the compression direction (𝑦) while
rotating to maintain the associated periodicity of the boundaries. After each 0.9624
Hencky strain units, the cell was transformed back to its original dimensions and
orientation.
Because of the long chain lengths of the molecules, there occurred a slight drift of the
fluid’s center of mass relative to the center of the simulation cell. This problem becomes
increasingly significant at larger values of flow strength. It is believed to be an artifact of
the thermostatting of the system, coupled with the periodicity of the boundary conditions
for the long chains wherein atomic units are removed, translated, and reinserted from
various locations close to the cell boundary. To circumvent this problem, phase space in
the simulations was zeroed out with respect to the center of the reference system after
every five large time steps, which effectively mitigated this problem, at least for the
ranges of flow strength examined herein.
Use of the p-SLLOD algorithm for implementing the planar elongational flow is
necessary to avoid an unstable solution that leads to excessive kinetic energies of the
atomic particles that put a strain on the thermostat and ultimately lead to an unphysical
phase-space transition that invalidates the simulations [145]. This is a well-known defect
of the SLLOD algorithm, which occurs because this algorithm was not properly
expressed in terms of a codeformational coordinate reference frame, in the sense of
Oldroyd Oldroyd [146]. The proper-SLLOD (or p-SLLOD) algorithm was developed to
address this issue by using an appropriate Poisson bracket transformation of Hamilton’s
equations of motion to the codeformational reference frame [66-69], and it has been
demonstrated that the p-SLLOD algorithm removes the type of instability described
above [69]. Furthermore, it has also been demonstrated that the SLLOD algorithm results
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in incorrect values of the system stress at high flow strengths (another problem that the pSLLOD algorithm resolves [67-69]), although the error may be small at low strain rates.
The topological analysis was performed using the Z1 code developed by Kröger [71],
which reduces atomistic configurations to a primitive path network in which the chains
are not allowed to cross through each other as the algorithm simultaneously minimizes
the contour length of each polymer molecule [72]. This method uses geometrical methods
rather than dynamical methods to minimize the contour lengths of primitive paths in the
most computationally efficient manner. The code further defines positions of kinks along
the 3-dimensional primitive path of each chain, which is assumed to be proportional to
the number of entanglements per chain. Results of the code can be used to interpret other
important reptative parameters, such as the effective tube diameter and entanglement
strand length.
B.2

Additional Analysis

Table B.1 presents some of the characteristic quiescent properties of immediate import
for the C1000H2002 polyethylene melt examined herein as determined from equilibrium
(i.e., without flow) MD simulations. The disengagement time, 𝜏𝑑 , is typically the longest
characteristic time for a polymer liquid; it quantifies the timescale over which a
macromolecule will diffuse from a tube formed by its surrounding entangled chains. 𝜏𝑅 is
the Rouse time, 〈𝑅 2 〉1/2 and 〈𝑅𝑔2 〉1/2 are the root mean squares of the molecular end-toend distance and radius of gyration, respectively, 〈𝑍〉 is the ensemble average number of
entanglements on a per-chain basis, and 𝐿max is the maximum extended chain length
(1,290 Å). Note that 𝑍𝑘 (24.3) as calculated by the Z1 code is approximately double the
value as estimated for the entanglement number from reptation theory, 〈𝑍〉 (12.8), using
the theoretical relationship 〈𝑍〉 = 〈𝐿〉2 ⁄〈𝑅〉2, where the primitive path length, 〈𝐿〉, is
calculated by the Z1 code as 508.6 Å. This value of 〈𝑍〉 agrees well with experimentally
determined trends. However, it is not known whether or not the same theoretical
relationship holds under flow conditions.
Theory and simulation implicate the disengagement time (5,270 ns) as the characteristic
timescale relevant to chain orientation, whereas the Rouse timescale (137 ns) is
characteristic of macromolecular stretching [110]. Of primary concern in the present
article is the stretching response of the molecules, and hence the strength of the PEF was
characterized in terms of the Rouse timescale as 𝐷𝐷 = 𝜀̇𝜏𝑅 , analogously to the case of
dilute solutions where the disengagement timescale does not exist.
Table B.1. Equilibrium properties of the simulated C1000H2002 polyethylene liquid.
𝜏𝑑 (ns)
5,270

𝜏𝑅 (ns)
137

〈𝑅𝑔2 〉1/2 (Å)

〈𝑅 2 〉1/2 (Å)
141.8

56.41
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〈𝑍〉 & 𝑍𝑘

12.8 & 24.3

〈𝐿〉 (Å)
508.6

Figure B.1(a) displays the average molecular fractional extension, 𝑥, versus 𝐷𝐷 for the
C1000H2002 polyethylene liquid. The red and blue data correspond to the stretched and
coiled states, respectively, of the distributions shown in Fig. 7.1(a). As discussed by
Nafar Sefiddashti, et al. [110], a hysteresis in the flow profile is evident at intermediate
values of flow strength (0.3 ≤ 𝐷𝐷 ≤ 1.5). Indeed, within this regime, it is possible to
recover stationary states of either purely coiled or purely stretched chains, depending on
the flow history; e.g., a purely stretched state can be induced by first elongating the
sample at a high value of 𝐷𝑒 (3.0) and then reducing the flow strength to 𝐷𝐷 = 0.6 [110].
This evident hysteresis is the essence of de Gennes’ coil-stretch transition.
Concomitantly, the average entanglement number also displays an apparent flow history
dependent hysteresis, indicating that the coiled state possesses an entanglement number
that is fairly close to the equilibrium value, whereas the stretched state rapidly loses
entanglements with increasing extension of the molecules.
The molecular extension, as quantified by 〈𝑅 2 〉1/2, is about half the value of value (141.8
Å) of the 𝑥-dimension of the small simulation cell (254 Å), and the mean radius of the
coiled chain at equilibrium (56.4 Å) is significantly less than the 𝑧 cell dimension.
Therefore, it is very unlikely that system size effects played any role in the simulated
fluid behavior. To validate this statement, the larger simulation cell was used to duplicate
data from the small cell at 𝐷𝐷 = 0.6. The large cell had 𝑥 and 𝑦 dimensions of 762 Å,
which is more than half the size of the maximum extended chain length; however, these
are merely the initial dimensions of the box, which deforms under the imposed
kinematics of PEF by expanding in the direction of flow (𝑥) and compressing in the 𝑦
direction. Hence over the course of 0.9624 Hencky strain units, the box will attain an
extension in the flow direction of 1,995 Å (about 1.55𝐿max ) before returning to its
original dimensions and repeating the cycle. Indeed, over much of the periodic cycle, the
𝑥 dimension of the box is therefore longer than the maximum molecular length. This
should minimize the risk of any possible system-size effect from an individual chain
interacting with its own periodic image entering from opposite ends of the simulation
cell. Similar results to those of the small simulation cell were produced by the large
simulation cell, except that the domains of coiled macromolecules appear to be somewhat
larger in the bigger simulation cell; hence there could be a boundary effect on the size of
these domains (similarly to that which is evident in self-consistent field theory
calculations of microphase separation [107]), although it is not expected to influence the
qualitative features exhibited by the liquid. A snapshot of the C1000H2002 liquid under
steady-state PEF in the large simulation box at 𝐷𝐷 = 0.6 is displayed in Figure B.2. The
qualitative features are analogous to those provided by the smaller simulation cell, as
shown in Fig. 7.2.
Lars Onsager introduced the principle of minimum dissipation, along with his famous
reciprocal relations, in a groundbreaking paper in 1931 that eventually formed the basis
for his Nobel Prize in Chemistry thirty-seven years later [147,148]. This principle
postulated that a thermodynamic system would naturally evolve over time into the
stationary state which dissipated the least amount of energy. It is thus very interesting to
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Figure B.1. Steady-state properties of the C1000H2002 melt as functions of flow strength,
𝐷𝐷. Panel (a) displays data for the mean fractional extension of the coiled
configurational state (blue data) and the stretched state (red data). In cases where the
distribution was unimodal (see Fig. 7.1), the same value was used for the coiled and
stretched peak positions. A clear hysteresis is evident at intermediate values of 𝐷𝐷,
producing an S-shaped flow profile as predicted by de Gennes for dilute solutions. Panel
(b) plots the data for the average number of chain entanglements per molecule vs. 𝐷𝐷.
The coiled configurational state retains a high number of entanglements, fairly close to
the state of the quiescent system. The stretched configuration displays a precipitous drop
in the entanglement number with increasing flow strength due to the unraveling and
stretching of the molecules.
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Figure B.2. A typical steady-state snapshot, viewed perpendicularly to the 𝑥-𝑦 coordinate
plane, of the C1000H2002 melt in the large simulation cell at 𝐷𝐷 = 0.6. The qualitative
features are unchanged from those of the small cell simulation shown in Fig. 7.2: large
domains of tightly coiled molecules are sandwiched between thin sheet-like layers of
highly extended chains. Simulation output was visualized using the OVITO tool [149].
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calculate the dissipation produced during the stationary states of PEF simulations over the
biphasic region of 𝐷𝐷 and compare to the fluid state that is produced from pre-stretching
the molecules at a higher flow strength and then reducing 𝐷𝐷 to a lower value on the
hysteresis curve [107]—see Fig. B.1(a). In this way, one can compare directly the
dissipation produced by the biphasic state with a monophasic state composed solely of
stretched chains. (See Fig. 6 of Ref. [107].) Calculating the system dissipation according
to 𝛔: 𝛁𝒖, where 𝛔 is the stress tensor, the biphasic state produces dissipation of 6.95 ×
10−6 (in dimensionless Lennard-Jones units) at 𝐷𝐷 = 0.6 and 4.09 × 10−5 at 𝐷𝐷 = 1.5.
On the other hand, the monophasic stretched system produces dissipation of 1.39 × 10−5
at 𝐷𝐷 = 0.6 (reduced from pre-stretching at 𝐷𝐷 = 3.0) and 5.07 × 10−5 at 𝐷𝐷 = 1.5
(reduced from 𝐷𝐷 = 14.9). Clearly, the biphasic state produces a significantly lower
amount of dissipation in each case, and would therefore likely classify as a “dissipative
structure” in the terminology of Prigogine; i.e., a nonequilibrium state of the system
produced to satisfy requirements of minimizing the overall system free energy.
Plots of the pair correlation function versus radial distance in Å are shown in Figure B.3
at several time instants over the course of a single time period (at steady-state) of the KR
boundary conditions at 𝐷𝐷 = 0.6. The first two peaks are associated with the bond
distance and bond-angle atoms, respectively, and others correspond to other interchain
and intrachain interactions between the atoms. As evident in these panels, all chains,
regardless of whether coiled (defined here as 𝑥 < 0.3) or stretched (𝑥 > 0.5), exhibit
essentially the same 𝑔(𝑟), indicating that the density of the biphasic system is effectively
homogeneous at all times throughout the simulation cell. Furthermore, the number
density of atoms, 𝜌𝑁 , was calculated over six separate rectangular subcells within the
simulation box at 𝐷𝐷 = 0.6: two which were contained entirely within the coiled
domains, two which were entirely contained within the stretched domains, and two which
3
within one standard deviation.
spanned both regions. In all cases, 𝜌𝑁 ≅ 2.0 atoms/𝜎𝐶𝐶
2
Consequently, there appears to be no density-driven motivation for the segregation into a
biphasic system, as observed in the simulations.
Figure B.4 shows data for the average pressure (left ordinate, in reduced LJ units) and
number of particles within the top and bottom portions of the simulation cell (right
ordinate) versus applied strain at steady state for 𝐷𝐷 = 0.6. These data indicate that the
average pressure is not affected by either time or position within the simulation cell,
indicating a homogeneous system in both space and time. Consequently, the segregation
of the macromolecules observed does not seem to be driven by stresses developed within
the system under PEF. Again, this observation points to a microphase separation that is
thermodynamically induced by architecturally identical chain molecules whose sole point
of difference lies in their adopted individual steady-state configurations.
Figure B.5 displays the distribution function of the orientation angle of the end-to-end
vector of the macromolecules under quiescent conditions and PEF at 𝐷𝐷 = 0.6. As
expected, the distribution is random at equilibrium. Under PEF, however, the distribution
is approximately Gaussian and centered around the flow (𝑥) direction, also as expected.
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Figure B.3. Plots of the pair correlation function versus radial distance from a test atom at
three different steady-state time instants over the course of one time period of simulation
at 𝐷𝐷 = 0.6. The inset of the middle figure shows the complete view of 𝑔(𝑟) with the full
first peak, for completeness. The boxes depict the relative shape of the simulation cell in
the 𝑥-𝑦 plane just after a box flip, at some instant during the cycle, and just before the
box flip dictated by the Kraynik-Reinelt boundary condition, respectively. The first two
peaks are associated with the bond distance and bond-angle atoms, respectively, and
others correspond to other interchain and intrachain interactions. Apparently, all chains,
either coiled or stretched, exhibit essentially the same 𝑔(𝑟), indicating that the density of
the biphasic system is effectively homogeneous.
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Figure B.4. Plot of system pressure (left ordinate, in reduced LJ units) and number of
particles within the top and bottom portions of the simulation cell (right ordinate) versus
applied strain at steady state for 𝐷𝐷 = 0.6. On the left ordinate, blue data are
instantaneous average pressure values for particles occupying the top portion of the
simulation box, orange data represent average pressure values for particles occupying the
bottom portion of the cell, and green data represent particles occupying the middle of the
simulation cell. The drawings on the right indicate views of the 𝑥-𝑦 plane just after and
just before a box flip as the KR boundary condition is reset. The top and bottom portions
of the box are defined as 5% each of the initial 𝑦 dimension of the cell. Consequently,
over the course of one KR period, the number of particles within the top and bottom
portions of the box will increase with time, as shown on the right ordinate. Consequently,
the averages for the pressure in these portions of the simulation cell will show a reduction
in the statistical noise over the duration of a KR period.
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Figure B.5. Plot of probability distribution function of the orientation angle of the end-toend vector relative to the direction of flow, 𝜃, for 𝐷𝐷 = 0.0, 0.6. Under quiescent
conditions, the orientation angles of the individual molecules are randomly oriented with
no preferred direction (green curve). Under flow, the overall orientation distribution
(black curve) is Gaussian, centered around the flow (𝑥) direction, as expected. For
stretched molecules (𝑥 > 0.5; blue curve), the distribution is also centered around the
flow direction with a very narrow and steep Gaussian profile. For coiled molecules coiled
(𝑥 < 0.3; red curve), the distribution remains approximately Gaussian and centered
around the flow direction, although the distribution is much flatter and broader for the
coiled chains.
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Isolating the distribution for molecules that are both coiled and stretched reveals that each
distribution is also approximately Gaussian and centered around the flow direction,
although the stretched distribution is taller and narrower than the coiled distribution.
Intuitively, this is to be expected, even in a phase separated system, provided that the
flow field is felt uniformly throughout the test cell. Consequently, this plot provides
evidence that the flow kinematics remain homogeneous throughout the simulated volume
over the duration of the simulation.
It is interesting to speculate as to whether the chains are segregated into coiled and
stretched domains under flow in accordance with their original entanglement number at
the instance prior to initiation of the flow. It might be intuitively expected that chains
with a larger number of entanglements would remain coiled, whereas those with fewer
entanglements would be more inclined to diffuse into the stretched domains. Table B.2
shows that this is not the case, by classifying chains once their steady-state configuration
has been identified at a randomly chosen dimensionless time instant of 𝜀𝐻 = 12.1, where
the coiled chains display many more entanglements on average than the stretched chains.
However, knowing the steady-state configurations of these chains allows for the
calculation of the average number of entanglements of the same chains under quiescent
conditions, 𝜀𝐻 = 0. Note that chains that ultimately inhabit both the coiled and stretched
domains have essentially the same average and standard deviation of entanglement
number under equilibrium conditions. The actual distributions of entanglement number
are displayed in Fig. B.6, which makes evident the fact that the initial entanglement state
of an individual chain plays essentially no role in deciding whether it will ultimately be
located within either the stretched or coiled domain. Although counterintuitive, this
agrees very well with the single-molecule visualization experiments of Smith et al.
[40,122], who showed that even for completely unentangled dilute solutions of identical
DNA molecules, the final steady-state configuration of an individual chain under PEF
appeared to be randomly determined by some unknown function of the chain’s
equilibrium configuration.
Table B.2. Average (standard deviation) value of 𝑍𝑘 at 𝐷𝐷 = 0.6 at two values of Hencky
strain corresponding to steady-state flow (𝜀𝐻 = 12.1) and no-flow (𝜀𝐻 = 0) conditions.
Domain

Coiled
Stretched

𝜀𝐻 = 12.1
21.3 (4.4)
5.6 (2.7)
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𝜀𝐻 = 0

25.1 (3.8)
25.1 (3.9)

Figure B.6. Plots of probability distribution function of the entanglement number, 𝑍𝑘 , for
𝐷𝐷 = 0.6 at the instant before flow is initiated (𝜀𝐻 = 0) (a) and at a randomly chosen
time instant after steady state flow had been achieved (𝜀𝐻 = 12.1) (b). In Panel (b), red
represents chains that are located within the coiled domains and blue represents chains
are present within the stretched domains. Magenta represents overlap between the two
configurations. In Panel (a), each individual chain is colored as to its configurational state
in Panel (b); i.e., the chains are color-coded according to their steady-state configurations.
These plots make it apparent that both sets of steady-state chain configurations fall under
a common distribution of entanglement state at quiescent conditions.
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